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tIn presen
e of in
omplete information about the world we need to distinguish between thestate of the world and the state of the agent's knowledge about the world. In su
h a 
asethe agent may need to have at its disposal sensing a
tions that 
hange its state of knowledgeabout the world and may need to 
onstru
t more general plans 
onsisting of sensing a
tionsand 
onditional statements to a
hieve its goal. In this paper we �rst develop a high level a
tiondes
ription language that allows spe
i�
ation of sensing a
tions and their e�e
ts in its domaindes
ription and allows queries with 
onditional plans. We give provably 
orre
t translations ofdomain des
ription in our language to axioms in �rst-order logi
, and relate our formulation toseveral earlier formulations in the literature. We then analyze the state spa
e of our formulationand develop several sound approximations that have mu
h smaller state spa
es. Finally wede�ne regression of knowledge formulas over 
onditional plans.1 Introdu
tion and motivationUnlike a
tions that 
hange the world, sensing or knowledge produ
ing a
tions 
hange what theagent knows about the world. Consider the following example of a high se
urity door. The a
tionof pushing the door (push door) { when exe
uted in a world where the (lo
k of the) door is initiallyunlo
ked and not jammed { will 
hange the world so that after the a
tion is performed the door isopen. The same a
tion if exe
uted when the door is lo
ked will jam the door. Similarly, the a
tionof 
ipping the lo
k (flip lo
k) will unlo
k a lo
ked door and lo
k an unlo
ked door. On the otherhand the sensing a
tion of 
he
king the lo
k of the door (
he
k if lo
ked) will result in the agentknowing if the door is lo
ked or not.Sensing a
tions play an important role when an agent needs to plan in presen
e of in
ompleteinformation. Consider the 
ase when our agent initially (i.e., in the initial situation) does not knowif the door is lo
ked or not, but knows that the door is not jammed and is not open and its goal is toopen the door. We will assume that the only a
tions it 
an perform are the ones des
ribed earlier:
he
k if lo
ked, flip lo
k and push door. We now argue that the agent 
an not just 
onstru
t a
lassi
al plan { 
onsisting of a sequen
e of a
tions { that will always (i.e., regardless of what thereal state of the world is) su

eed in rea
hing the agent's goal.Let us �rst 
onsider the plan P1 
onsisting of push door. This plan will not work if the door isinitially lo
ked. In fa
t it will jam the door, and no subsequent a
tion sequen
e will result in thedoor being open. Let us now 
onsider the plan P2 
onsisting of flip lo
k; push door. This plan1



will not work if the door is initially unlo
ked. In fa
t it will also jam the door, and no subsequenta
tion sequen
e will result in the door being open. Therefore, neither P1, nor P2, and nor any planthat starts with P1 and P2 will work in both 
ases. This, together with the fa
t that the a
tion
he
k if lo
ked does not 
hange the world and a sequen
e of flip lo
ks is equivalent to zero or asingle flip lo
k, is enough to 
on
lude that there does not exist a 
lassi
al plan that will work forall possible initial situations.The following simple 
onditional plan P3,IF :door lo
ked THEN push door ELSE flip lo
k; push dooris not appropriate either. That is be
ause the agent not knowing whether door lo
ked is true ornot 
an not exe
ute this plan. A 
orre
t 
onditional plan, P4, that will always a
hieve the goal usesthe sensing a
tion 
he
k if lo
ked, and is as follows:
he
k if lo
ked;IF :door lo
ked THEN push door ELSE flip lo
k; push door;Thus sensing a
tions are very important for planning in presen
e of in
omplete information. In thepast, sensing a
tions have been formalized in [Moo79, Moo85, SL93, Haa86, LTM97℄ and planningin presen
e of in
omplete information has been studied in [EHW+92, PS92, PC96, GB94, GEW96,GW96, Lev96, KOG92, SW98, WAS98, GB96℄. To motivate our work we now brie
y review theearlier formalizations of sensing a
tions.1.1 Moore's formalizationTo the best of our knowledge sensing a
tions were �rst formalized by Moore in his dissertation[Moo79℄ and in some of his later papers; for example, [Moo85℄. Moore uses possible world seman-ti
s to represent knowledge and treats the a

essibility relation between worlds as a 
uent whenreasoning about sensing and non-sensing a
tions.� He des
ribes how the knowledge of an agent may 
hange after exe
uting a non-sensing a
tiona, by de�ning the a

essibility relation between the worlds that may be rea
hed after exe
utingthe a
tion a.A

ording to him, for any two possible worlds w1 and w2 su
h that w2 is the result of theexe
ution of a in w1, the worlds that are 
ompatible with what the agent knows in w2 areexa
tly the worlds that are the result of exe
uting a in some world that is 
ompatible withwhat the agent knows in w1. This 
an be formally written as follows:8w1; w2:(w2 = do(a;w1) � 8w3: (a

(w2; w3) �9w4:a

(w1; w4) ^ w3 = do(a;w4))) (1.1)The above formula (and the next formula) is a simpli�ed version of Moore's original formula.Here we use the fun
tion do from situation 
al
ulus1, use a

(w;w0) to denote that w0 isa

essible from (or is 
ompatible with) w, and assume a single agent world.1do(a; w) denotes the world rea
hed after exe
uting the a
tion a in the world w.
2



� He also des
ribes how the knowledge of an agent may 
hange after exe
uting a sensing a
-tion sensef , by de�ning a

essibility relation between the worlds that may be rea
hed afterexe
uting sensef .Suppose sensef is an a
tion that the agent 
an perform to know if f is true or not. Then forany world represented by w1 and w2 su
h that w2 is the result of sensef happening in w1, theworld that is 
ompatible with what the agent knows in w2 are exa
tly those worlds that arethe result of sensef happening in some world that is 
ompatible with what the agent knowsin w1, and in whi
h f has the same truth value as in w2. This 
an be formally written asfollows:8w1; w2: (w2 = do(sensef ; w1) �8w3: ((a

(w2; w3) �9w4:a

(w1; w4) ^ w3 = do(sensef ; w4) ^ f(w2) � f(w3))) (1.2)1.2 S
herl and Levesque's formalizationS
herl and Levesque [SL93℄ adapted Moore's formulation to situation 
al
ulus and proved severalimportant results about their formulation su
h as: knowledge-produ
ing a
tions do not a�e
t 
uentsother than the knowledge 
uent; and that a
tions that are not knowledge-produ
ing only a�e
t theknowledge 
uent as appropriate. They also showed how regression 
an be applied to knowledge-produ
ing a
tions.Their slight simpli�
ation of Moore's formulation is given by the following two formulas: (Notethat in their use of the relation K, whi
h we will follow in the rest of the paper, the arguments arereversed from their normal modal logi
 use. I.e., K(s0; s) is read as \the situation s0 is a

essiblefrom the situation s". Also, situation is a term 
onstru
ted by repeated appli
ation of do to theinitial situation S0.) K(s00; do(a; s)) � (9s0:K(s0; s) ^ s00 = do(a; s0)) (1.3)K(s00; do(sensef ; s)) � (9s0:K(s0; s) ^ s00 = do(sensef ; s0) ^ f(s0) � f(s)) (1.4)1.3 Our simpli�
ationOne of our goals in this paper is to make it easy to visualize the state spa
e we have to dealwith when sear
hing for plans in presen
e of sensing a
tions and in
omplete information. Manyformulations of planning (for example, most resear
h on de
ision theoreti
 planning) often assumethe existen
e of a transition fun
tion de�ning a transition between states { a 
olle
tion of 
uents {due to a
tions, and do not ne
essarily depend on a logi
al formulation de�ning this fun
tion. Thequestions that we would like to answer are: What is a \state" when we need to distinguish betweenthe state of the world and the state of the knowledge of an agent? How are state transitions due toa
tions { both sensing and non-sensing { de�ned?To answer the �rst question we introdu
e the notion of a 
-state (or 
ombined state) whi
h is apair 
onsisting of:(i) the real state of the world, s; and(ii) the state of the agent's knowledge about the world given by the set of states �, that the agentthinks it may be in. 3



The transition between 
-states due to a
tions { denoted by �(a; hs;�i) { 
an then be de�ned interms of the original transition between states (de�ned using the fun
tion Res) in the followingway:� If a is a non-sensing a
tion then for any 
-state � = hs;�i, �(a; �) is de�ned as the pairhRes(a; s); fs0js0 = Res(a; s00) for some s00 2 �gi.� If sensef is a sensing a
tion that senses the 
uent f then for any 
-state � = hs;�i,�(sensef ; �) is de�ned as the pair hs; fs0js0 2 � su
h that f 2 s i� f 2 s0gi.Consider our example in the beginning of this se
tion. The two possible initial 
-states { withexpli
it representation of negative 
uents { for this example are:�1 = hflo
kedg; fflo
kedg; fggi, and �2 = hfg; fflo
kedg; fggi.In Figure 1 we give a fragment of the state spa
e diagram of this example illustrating how transitionstake pla
e between one 
-state to another be
ause of a
tions.

4



For a logi
al formalization of the above we simplify Moore's and S
herl and Levesque's formulationby assuming that we only need to pro
eed from the K relation about the initial situation to possiblefuture situations. The formulas (1.3) and (1.4) 
an then be modi�ed as follows:K(do(a; s0); do(a; s)) � K(s0; s) (1.5)K(do(sensef ; s0); do(sensef ; s)) � (K(s0; s) ^ f(s0) � f(s)) (1.6)Using the above two formulas, su

essor state axioms about a
tions [Rei91℄, and information aboutthe initial situation, we 
an then reason about what is known to be true in a future situation. Wedis
uss this formulation in further detail in Se
tion 2.3.1.4 Our goalsOur �rst goal in this paper is to augment the high-level language A [GL92, GL93℄ to allow spe
i�-
ations and reasoning about sensing a
tions. We will 
all the new language AK . The semanti
s ofdomain des
riptions in AK will be de�ned using the transition fun
tions introdu
ed in the previoussub-se
tion. The motivation behind doing this is the simpli
ity of high level languages and thefa
t that no knowledge about parti
ular logi
s is ne
essary to understand the 
on
ept. But we paythe pri
e of being less general than when the formalization is done in a standard logi
al language(
lassi
al logi
 possibly augmented with 
ir
ums
ription, logi
 programming, default logi
, et
.).But then later we give formalizations in logi
, and prove the 
orre
tness of our logi
al formalizationwith respe
t to our original formalization. Thus our initial formalization using a high level language{ whi
h is simpler to follow { 
an play the role of a ben
hmark for formalizations in standard logi
allanguages.Our se
ond goal, and perhaps the most important aspe
t of this paper, is to develop approximationsof the language AK . The motivation behind that is the possible state spa
e explosion in AK . Inpresen
e of n 
uents, we will have 2n possible states and 22n+n possible 
-states. We develop severalapproximations with mu
h smaller state spa
e (3n) but with varying 
omplexity in 
omputingtransitions. We then show the soundness of these approximations.Finally, we relate our formulations with earlier formulations of sensing a
tions { in parti
ular withS
herl and Levesque's [SL93℄ formulation and Lobo et al.'s [LTM97℄ formulation, and show that:(i) When we translate domain des
riptions in our language to S
herl and Levesque's formulation weobtain similar 
on
lusions, and (ii) When we make 
ertain assumptions about our knowledge aboutthe initial state then domain des
riptions in our language have the same semanti
s as that of thesemanti
s de�ned by Lobo et al. [LTM97℄. We also dis
uss some of the earlier work on planningwith sensing a
tions [GW96, Gol97, GB94, GB96℄, 
ompare the formulations there with that ofours, and brie
y des
ribe earlier work on regression and adapt a simpli�ed version of regressionfrom [SL93℄ to de�ne regression with respe
t to 
onditional plans.2 The language AKIn this se
tion we introdu
e AK { an extension of the language A in [GL93℄ { whi
h allows reasoningabout sensing a
tions. (Stri
tly speaking, AK is a variation of A instead of an extension, asunlike in A, we do not allow observations or hypothesis about non-initial situations in our domaindes
riptions. Moreover, our language has two 
omponents [Lif97, BGP97℄: one whi
h de�nesdomain des
riptions and another whi
h de�nes queries.)5



2.1 Syntax of AKWe begin with two disjoint nonempty sets of symbols, 
alled 
uent names (or 
uents) and a
tionnames (or a
tions). A 
uent literal is either a 
uent name or a 
uent name pre
eded by :. For a
uent f , by :f we mean f , and by f we mean :f .2.1.1 Domain des
riptions in AKA v-proposition (value proposition) is an expression of the forminitially f (2.1)where f is a 
uent literal. Intuitively, the above v-proposition means that the 
uent literal f isinitially known to be true. (In A, where v-propositions des
ribe the initial state of the world insteadof what the agent knows about the initial state of the world, the above proposition has a slightlydi�erent meaning. There, the above proposition means that the 
uent literal f is true in the initialstate of the world.)Two v-propositions initially f and initially g are said to be 
ontradi
tory if f = g.An ef-proposition (e�e
t proposition) is an expression of the forma 
auses f if p1; : : : ; pn (2.2)where a is an a
tion, and ea
h of f; p1; : : : ; pn (n � 0) is a 
uent literal. The set of 
uent literalsfp1; : : : ; png is referred to as the pre
ondition of the ef-proposition and f is referred to as the e�e
tof this ef-proposition. Intuitively this proposition 
onveys the meaning that f is guaranteed to betrue after the exe
ution of an a
tion a in any state of the world where p1; : : : ; pn are true. If n = 0,we will drop the if part and simply write a 
auses f:Two ef-propositions with pre
onditions p1; : : : ; pn and q1; : : : ; qm respe
tively are said to be 
ontra-di
tory if they des
ribe the e�e
t of the same a
tion a on 
omplementary f 's, and fp1; : : : ; png \fq1; : : : ; qmg = ;.An ex-proposition (exe
utability proposition) is an expression of the formexe
utable a if p1; : : : ; pn (2.3)where a is an a
tion, and ea
h of p1; : : : ; pn (n � 0) is a 
uent literal. Intuitively, this proposition
onveys the meaning that the a
tion a is exe
utable in any state of the world where p1; : : : ; pn aretrue. If n = 0, we will drop the if part and simply write exe
utable a.A k-proposition (knowledge proposition) is an expression of the forma determines p (2.4)where a is an a
tion and p is a 
uent. Intuitively, the above proposition 
onveys the meaning thatif a is exe
uted in a situation, then in the resulting situation the truth value of p be
omes known.A proposition is a v-proposition, ef-proposition, ex-proposition or a k-proposition.A domain des
ription is a set of propositions, whi
h does not 
ontain(i) 
ontradi
tory v-propositions; or 6



(ii) 
ontradi
tory ef-propositions.A
tions o

urring in ef-propositions and k-propositions are 
alled non-sensing a
tions and sensinga
tions, respe
tively. In this paper { to avoid distra
tion from the main points { we make thefurther assumption that the set of sensing a
tions and the set of non-sensing a
tions are disjoint.Following is an example of a domain des
ription in our language.Example 1 Let us 
onsider an agent who has to disarm a bomb whi
h 
an only be done safely{ i.e., without exploding { if a spe
ial lo
k on the bomb has been swit
hed o� (lo
ked); otherwiseit explodes. The agent 
an determine if the lo
k is lo
ked or not by looking at the lo
k. He 
analso turn the lo
k from the lo
ked position to the unlo
ked position and vi
e-versa. He 
an onlyexe
ute the above a
tions if the bomb has not exploded. Initially, the agent knows that the bombis not disarmed and is not exploded. We 
an des
ribe the above story by the following domaindes
ription. initially :disarmedinitially :explodeddisarm 
auses exploded if :lo
keddisarm 
auses disarmed if lo
kedturn 
auses :lo
ked if lo
kedturn 
auses lo
ked if :lo
kedlook determines lo
kedexe
utable look if :explodedexe
utable turn if :explodedexe
utable disarm if :exploded
9>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>; = D1

2.1.2 Queries in AKAs dis
ussed in Se
tion 1, in the presen
e of in
omplete information and knowledge produ
inga
tions, we need to extend the notion of a plan from a sequen
e of a
tions so as to allow 
onditionalstatements. In the following de�nition we formalize the notion of a 
onditional plan.De�nition 1 (Conditional Plan)1. An empty sequen
e of a
tion, denoted by [ ℄, is a 
onditional plan.2. If a is an a
tion then a is a 
onditional plan.3. If 
1; : : : ; 
n (n � 1) are 
onditional plans and '1; : : : ; 'n are 
onjun
tion of 
uent literals,(whi
h are mutually ex
lusive but not ne
essarily exhaustive) then the following is a 
ondi-tional plan. (We refer to su
h a plan as a 
ase plan).Case'1 ! 
1. . .'n ! 
nEnd
ase4. If 
1; 
2 are 
onditional plans then 
1; 
2 is a 
onditional plan.5. Nothing else is a 
onditional plan. 27



Intuitively, the 
ase plan is a 
ase statement where the agent evaluates the various 'i's with respe
tto its knowledge. If it knows that 'i is true for some i it exe
utes the 
orresponding 
i. If none ofthe 'i's are true then the 
ase plan fails and the exe
ution of the 
onditional plan whi
h 
ontainsthis 
ase plan also fails.There are two kind of queries that we 
an ask our domain des
riptions. They are of the form:Knows ' after 
 (2.5)Kwhether ' after 
 (2.6)where 
 is a 
onditional plan and ' is a 
uent formula. Intuitively, the �rst query is about askingif a domain des
ription entails that the 
uent formula ' will be known to be true after exe
utingthe 
onditional plan 
 in the initial situation, and the se
ond query is about asking if a domaindes
ription entails that the 
uent formula ' will be known to be true or known to be false afterexe
uting the 
onditional plan 
 in the initial situation2.2 Semanti
s of AKIn AK , we have three kinds of states: a world state (often referred to as a state) representing thestate of the world, a knowledge state (or a k-state), representing the state of the knowledge of theagent, and a 
ombined state (or a 
-state) that is a pair 
onsisting of a world state, and a k-state.As mentioned earlier, the semanti
s of domain des
riptions in AK are de�ned in terms of modelswhi
h are pairs 
onsisting of an initial 
-state and a transition fun
tion that maps pairs of a
tionsand 
-states into 
-states.In the following we will use small letters beginning from s (possibly with indexes) to denote worldstates, upper
ase Greek letters like � (possibly with indexes) to denote k-states, and lower
aseGreek letters like �; Æ (possibly with indexes) to denote 
-states. The letter 
 (possibly with indexes)will be used ex
lusively to denote 
onditional plans while � (possibly with indexes) will be used todenote a sequen
e of a
tions.A state s is a set of 
uents and a k-state is a set of states. A 
ombined state (or 
-state) of an agentis a pair hs;�i where s is a state and � is a k-state. Intuitively, the state s in a 
-state hs;�i isthe real state of the world whereas � is the set of possible states whi
h an agent believes it mightbe in. We say a 
-state � = hs;�i is grounded if s 2 �. Intuitively, grounded 
-states 
orrespondto the assumption that the world state belongs to the set of states that the agent believes it maybe in.Given a 
uent f and a state s, we say that f holds in s (f is true in s) if f 2 s; :f holds in s (fis false in s) if f 62 s. The truth of a propositional 
uent formula w.r.t. s is de�ned as usual. Wesay two states s and s0 agree on a 
uent f if (f 2 s i� f 2 s0). Given a 
-state � = hs;�i, we saythat a 
uent f is known to be true (resp. known to be false) in hs;�i if f is true (resp. false) inevery state s0 2 �; and f is known in hs;�i, if f is known to be true or known to be false in hs;�i.Given a 
uent formula ', we say that ' is known to be true (resp. false) in a 
-state hs;�i if ' istrue (resp. false) in every state s0 2 �.An a
tion a is exe
utable in a state s, if there exists an ex-proposition exe
utable a if p1; : : : ; pnin D su
h that p1; : : : ; pn hold in s.For an a
tion a and a state s, if a is exe
utable in s, we de�ne8



E+a (s) = ff j f is a 
uent and there exists an ef-proposition \a 
auses f if p1; : : : ; pn" 2 D su
hthat p1; : : : ; pn hold in sg,E�a (s) = ff j f is a 
uent and there exists an ef-proposition \a 
auses :f if p1; : : : ; pn" 2 Dsu
h that p1; : : : ; pn hold in sg, andRes(a; s) = s [E+a (s) n E�a (s):If a is not exe
utable in s, we say that Res(a; s) is unde�ned.Intuitively, Res(a; s) is the state resulting from exe
uting a in s. Sin
e we do not allow 
ontradi
toryef-propositions in our domain des
ription, for any pair of an a
tion a and a state s, E+a (s) andE�a (s) are disjoint and uniquely determined. Thus Res is a deterministi
 fun
tion.We are now ready to de�ne �, the transition fun
tion between 
-states.De�nition 2 A fun
tion � from a
tions and 
-states into 
-states is 
alled a transition fun
tionof D if for all 
-state � = hs;�i and a
tion a,1. if a is not exe
utable in s then �(a; �) is unde�ned, denoted by �(a; �) =?;2. if a is exe
utable in s and a is a non-sensing a
tion, then�(a; �) = hRes(a; s); fs0 j s0 = Res(a; s00) for some s00 2 � su
h that a is exe
utable in s00gi;and3. if a is exe
utable in s and a is a sensing a
tion whose k-propositions area determines f1 : : : a determines fm, then�(a; �) = hs; fs0 j s0 2 � su
h that s and s0 agree on ea
h fi; (i � m); and a is exe
utable in s0gi:Sin
e Res is a deterministi
 fun
tion, it is easy to show the following:Proposition 1 Every domain des
ription D possesses a unique transition fun
tion �. 2Noti
e that our de�nition of the transition fun
tion � does not stipulate any spe
ial requirement onhow the Res fun
tion is de�ned. Thus, any a
tion des
ription language [BG97, KL94, Tur97℄ witha semanti
s depending on a state transition fun
tion like Res 
an be extended to allow sensinga
tions. Therefore, several of the other features of a
tion des
ription languages su
h as multi-valued 
uents [GKL97℄, rami�
ation [LR94, KL94℄, 
ausality [Lin95, MT95, Bar95℄, 
on
urrenta
tions [LS92, BG93, BG97℄, 
an be dire
tly added to our framework. For example, to extend ourformulation to multi-valued 
uents, we have to: (i) extend our propositions to be able to denotedi�erent values of the 
uents, and (ii) extend our notion of states to be interpretations of the
uents. The de�nition of transition fun
tion will remain the same, ex
ept that the notion of sand s0 agreeing on a 
uent f would now mean that s and s0 have the same value of f . To keepour fo
us on the main issue of formalizing sensing a
tions, we do not in
lude these features in ourformulation, as they 
an be dire
tly added when desired.De�nition 31. A state s is 
alled an initial state of a domain des
ription D if for every value proposition ofthe form \initially p" (resp. \initially :p") in D, p is true (resp. false) in s.9



2. A 
-state hs0;�0i is an initial 
-state of D if s0 is an initial state and �0 is a set of initialstates of D.We say an initial 
-state �0 = hs0;�0i is 
omplete if �0 is the set of all initial states. Intuitively,the 
ompleteness of initial 
-states express the assumption that our agent has 
omplete knowledgeabout what it knows and does not know about the initial state. We will refer to this as the
omplete awareness assumption2. Even though, we believe that this assumption should not beused indis
riminately, sin
e it redu
es the number of initial 
-states, we will use it in most of ourexamples.De�nition 4 A model of a domain des
riptionD is a pair (�0;�) su
h that �0 is a grounded initial
-state of D and � is a transition fun
tion of D. A model (�0;�) is 
alled rational if �0 is 
omplete.Sin
e the transition fun
tion � as de�ned so far 
an only tell us whi
h 
-state is rea
hed afterexe
uting an a
tion in a given 
-state, we need to extend the fun
tion to be able to reason {beyond a
tion sequen
es { about 
onditional plans. We 
all it the extended fun
tion of � andde�ne it as follows.De�nition 5 Let D be a domain des
ription and � be its transition fun
tion. The extendedtransition fun
tion of D, denoted by �̂, whi
h maps pairs of 
onditional plans and 
-states into
-states, is de�ned as follows.1. �̂([℄; �) = �;2. For an a
tion a, �̂(a; �) = �(a; �);3. For 
 = Case'1 ! 
1. . .'n ! 
nEnd
ase,�̂(
; �) = 8><>: �̂(
i; �) if 'i is known to be true in �;? if none of '1; : : : ; 'n is known to be true in �;4. For 
 = 
1; 
2, where 
1; 
2 are 
onditional plans, �̂(
; �) = �̂(
2; �̂(
1; �));5. �̂(
;?) =? for every 
onditional plan 
.We say that a 
onditional plan 
 is exe
utable in a 
-state � if �̂(
; �) 6=?. 3We are now ready to de�ne the entailment relation for domains of AK .De�nition 6 Let D be a domain des
ription, 
 be a 
onditional plan, and ' be a 
uent formula.We say,2Turner [Tur94℄ used a similar assumption 
alled \
omplete initial situation assumption" a

ording to whi
h ea
hmodel of his logi
 programming formulation of a
tions would have 
omplete information about the initial state.3It is easy to see that for every pair of a 
-state � and an a
tion a, �̂(
; �) =? or there exists a unique 
-state �0su
h that �̂(
; �) = �0. 10



(i) D j=AK Knows ' after 
 if 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0) forevery model (�0;�) of D;(ii) D j=AK Kwhether ' after � if 
 is exe
utable in �0 and ' is known to be true or knownto be false in �̂(�; �0) for every model (�0;�) of D.Rational entailment of queries w.r.t. D { denoted by j=rAK { is de�ned similarly by only 
onsideringrational models of D. 2The following examples elu
idates the above de�nitions.Example 2 Let D2 be the domain des
ription 
onsisting of the following propositions.initially fa 
auses :fsenseg determines gexe
utable aexe
utable senseg
9>>>>>=>>>>>; = D2Let s1 = ff; gg; s2 = ffg; s3 = fgg; s4 = ;.There are two possible 
omplete initial 
-states of D2: �1 = hs1; fs1; s2gi and �2 = hs2; fs1; s2gi.Let � be the transition fun
tion of D2. We then have:�̂([a℄; �1) = �(a; �1) = hs3; fs3; s4gi�̂([a; senseg℄; �1) = �̂([senseg℄; hs3; fs3; s4gi) = hs3; fs3gi�̂([a℄; �2) = hs4; fs3; s4gi�̂([a; senseg℄; �2) = �̂([senseg℄; hs4; fs3; s4gi) = hs4; fs4gi:Sin
e g is known to be true in hs3; fs3gi and known to be false in hs4; fs4gi, we 
an 
on
lude thatD2 j=rAK Kwhether g after [a; senseg℄.However, D2 6j=rAK Kwhether g after [a℄, be
ause g is not known to be true or known to be falsein hs3; fs3; s4gi. Furthermore,D2 6j=rAK Knows g after [a; senseg℄, andD2 6j=rAK Knows :g after [a; senseg℄. 2In the following example we 
onsider 
onditional plans.Example 3 Let us 
onsider the domain des
ription D1 from Example 1. The states of D1 are:s1 = ;: s5 = fdisarmedgs2 = flo
kedg s6 = fdisarmed; explodedgs3 = fexplodedg s7 = fdisarmed; lo
kedgs4 = flo
ked; explodedg s8 = fdisarmed; lo
ked; explodedgThe set of initial states of D1 is �0 = fs1; s2g and the two 
omplete initial 
-states of D1 are�1 = hs1;�0i and �2 = hs2;�0i. Let � be the transition fun
tion of D1. Thus, by De�nition 4, D111



has two rational models: (�1;�) and (�2;�). We have:�̂([look℄; �1) = hs1; fs1gi �̂([look℄; �2) = hs2; fs2gi�̂([look; disarm℄; �1) = hs3; fs3gi �̂([look; disarm℄; �2) = hs7; fs7gi�̂([look; turn℄; �1) = hs2; fs2gi �̂([look; turn℄; �2) = hs1; fs1gi�̂([look; turn; disarm℄; �1) = hs7; fs7gi �̂([look; turn; disarm℄; �2) = hs3; fs3gi 9>>>=>>>; (2.7)Based on the above 
omputation we have the following:D1 6j=rAK Knows disarmed after [look; disarm℄ andD1 6j=rAK Knows disarmed after [look; turn; disarm℄.In Proposition 9 (Appendix A) we show that there exists no sequen
e of a
tions � of D1 su
h thatD1 j=rAK Knows disarmed ^ :exploded after �.Let us now 
onsider the 
onditional plan:look;Case:lo
ked! turnlo
ked! [℄End
ase 9>>>=>>>; = 
1disarm
9>>>>>>>=>>>>>>>; = 
We will show that D1 j=rAK Knows disarmed ^ :exploded after 
.From the de�nition of �̂ and the 
omputation of �̂ in (2.7), we have the following:�̂(
; �1) = �̂(
1; disarm; �̂(look; �1)) = �̂(
1; disarm;�(look; �1))= �̂(
1; disarm; hs1; fs1gi) = �̂(disarm; �̂(
1; hs1; fs1gi))= �̂(disarm; �̂(turn; hs1; fs1gi))(be
ause :lo
ked is known to be true in hs1; fs1gi)= �̂(disarm;�(turn; hs1; fs1gi))= �̂(disarm; hs2; fs2gi)) = �(disarm; hs2; fs2gi))= hs7; fs7giand �̂(
; �2) = �̂(
1; disarm; �̂(look; �2)) = �̂(
1; disarm;�(look; �2))= �̂(
1; disarm; hs2; fs2gi) = �̂(disarm; �̂(
1; hs2; fs2gi))= �̂(disarm; �̂([℄; hs2; fs2gi))(be
ause lo
ked is known to be true in hs2; fs2gi)= �̂(disarm; hs2; fs2gi)) = �(disarm; hs2; fs2gi))= hs7; fs7gi:So, �̂(
; �1) = hs7; fs7gi and �̂(
; �2) = hs7; fs7gi. Sin
e disarmed^:exploded is known to be truein the 
-state hs7; fs7gi, by De�nition 6, D1 j=rAK Knows disarmed ^ :exploded after 
. 2

12



2.3 Translating domain des
riptions to �rst order theoriesIn this se
tion we give a translation of domain des
riptions (D) in AK to theories in �rst-orderlogi
 (R(D)), and then show that the translation is sound and 
omplete w.r.t. AK when answeringqueries in the language of AK . Our translation from D into R(D) is inspired by the translationin Kartha [Kar93℄, and uses axioms and notations from [SL93℄ and [Rei91℄. In this se
tion we usethe standard notation of having variables start with small letters and 
onstants start with 
apitalletters. To be 
onsistent we use the same notation for domain des
riptions.Let us 
onsider a domain des
ription D. Assume that D 
ontains1. n sensing a
tions K1; : : : ;Kn with the k-propositions Ki determines Fi for (1 � i � n),and2. m value-propositions initially Gi for (1 � i �m).For simpli
ity, we also assume that ea
h a
tion A in D o

urs in at least one exe
utability 
onditionand ea
h sensing a
tion Ki o

urs in only one k-proposition. Then, the domain des
ription D 
anbe translated into a many-sorted theory R(D) as follows.Obje
ts of R(D) are of the sorts: a
tion, 
uent, and situation. To distinguish with states - whi
hare often denoted by s (possibly with subs
ripts) - in the previous se
tions, we use s or S (possiblywith subs
ripts) to denote situations. The vo
abulary (signature) of R(D) 
onsists of the following:� a 
onstant S0 of type situation;� 
onstants A of type \a
tion" whi
h 
orrespond to di�erent a
tions from D (one 
onstant forea
h a
tion);� 
onstants F of type \
uent" whi
h 
orrespond to di�erent 
uents from D (one 
onstant forea
h 
uent);� a fun
tion symbol do of the type ha
tion� situation! situationi;� a predi
ate symbol Holds of the type hfluent; situationi;� a predi
ate symbol K of the type hsituation; situationi;We will need the following notations.� For a 
uent F , Holds(:F; s) stands for :Holds(F; s).� For a 
onjun
tion of literals % = P1 ^ : : : ^ Pn, Holds(%; s) denotes Vni=1Holds(Pi; s).� For ea
h 
uent F and a
tion A,
+F (A; s) def� W\A 
auses F if %"2DHolds(%; s),
�F (A; s) def� W\A 
auses:F if %"2DHolds(%; s), andPoss(A; s) def� W\exe
utable A if %"2DHolds(%; s).13



The axioms of R(D) are des
ribed below.1. The su

essor state axiom { using Reiter's formulation in [Rei91℄ { for an ordinary 
uent Fand an a
tion A is given by:Poss(A; s) � [Holds(F; do(A; s)) � 
+F (A; s) _ (Holds(F; s) ^ :
�F (A; s))℄ (2.8)2. The su

essor state axiom for K (borrowed from [SL93℄) and an a
tion A is given by:Poss(A; s) � [K(s00; do(A; s)) �9s0 (K(s0; s) ^ Poss(A; s0) ^ (s00 = do(A; s0)))^((Vnj=1A 6= Kj) _ (Wnj=1(A = Kj ^Holds(Fj ; s) � Holds(Fj ; s0))))℄ (2.9)where, re
all that, K1; : : : ;Kn are the sensing a
tions in D that determine F1; : : : ; Fn respe
-tively.3. For i = 1; : : : ;m, R(D) 
ontains Holds(Gi;S0) (2.10)where, re
all that, G1; : : : ; Gm, are the only 
uent literals known to be true in the initialstate.4. The following axioms are for the a

essibility relation in the initial situation:K(s;S0) � m̂i=1Holds(Gi; s): (2.11)and K(S0;S0): (2.12)5. The domain 
losure assumption (DCA) for 
uents:_F2F f = F:6. The domain 
losure assumption (DCA) for a
tions:_A2A a = A:7. The unique name assumption (UNA) for 
uents:^F1;F22F F1;F2 distin
tF1 6= F2:8. The unique name assumption (UNA) for a
tions:^A1;A22A A1;A2 distin
tA1 6= A2:14



We now relate the entailment in D and the entailment in R(D), for queries regarding 
uent valuesafter a sequen
e of a
tions. We use the following notation:� Holds('; s) is a shorthand for a 
orresponding formula of Holds with only 
uents as its�rst argument. For example, Holds(f1 _ f2; s) denotes Holds(f1; s) _Holds(f2; s). Similarly,Holds(f1^f2; s) denotes Holds(f1; s)^Holds(f2; s), and as we mentioned before Holds(:f; s)denotes :Holds(f; s).� Knows(';S) denotes the formula: 8s0(K(s0;S) � Holds('; s0)), and� for a sequen
e of a
tions � = [a1; : : : ; ak℄do([℄; s) denotes s,do(�; s) denotes do(ak; do(ak�1; : : : ; do(a1; s))),Poss([℄; s) � true, andPoss(�; s) denotes Vki=1 Poss(ai; do([a1; : : : ; ai�1℄; s)).Proposition 2 Let D be a domain des
ription, ' be a 
uent formula, and � be a sequen
e ofa
tions of D. Then,D j=AK Knows ' after � i� R(D) j= Knows('; do(�;S0)) ^ Poss(�;S0):Proof. In Appendix B. 2Our next step is to relate D and R(D) for queries with 
onditional plans. For that we in-trodu
e a three-sorted predi
ate Apply(
; s; s0), whose intuitive meaning is that the 
onditionalplan 
 exe
uted in situation s takes us to the situation s0. For example, let 
 be the 
ondi-tional plan in Example 3, and s be a situation where :lo
ked holds in the real world. ThenApply(
; s; do(disarm; do(turn; do(look; s)))) will be true. Intuitively, this means that when 
 isexe
uted in s, we rea
h the situation do(disarm; do(turn; do(look; s))), or if 
 were to be exe
utedin s, then the a
tion sequen
e that would be exe
uted from left to right is look; turn; disarm.The de�nition of `apply' is similar to the formula `Rdo' in [Lev96℄. In our formulation, we will rep-resent a 
ase plan as a list of pairs of 
onditions and 
onditional plans using three 
onstru
tor fun
-tions: one that 
onstru
ts a list, another that 
onstru
ts a pair, and one that 
onstru
ts a 
ase plan.Any 
onditional plan 
an be represented as a list of a
tions and 
ase plans. For example, the 
ondi-tional plan 
 in Example 3 is represented by [look; 
ase([([:lo
ked℄; [turn℄); ([lo
ked℄; [℄)℄); disarm℄.We now de�ne Apply as a nested abnormality theory (NAT) [Lif95℄ blo
k.BApply =fmin Apply :Apply([℄; s; s)Poss(a; s) ^Apply(�; do(a; s); s0) � Apply([aj�℄; s; s0):Poss(a; s) � Apply([aj�℄; s;?)Apply([
ase([℄)j
℄; s;?)Apply(
;?;?)Knows('; s) ^Apply(
; s; s0) ^Apply(
00; s0; s00) � Apply([
ase([('; 
)jr0℄)j
00℄; s; s00):Knows('; s) ^Apply([
ase(r0)j
00℄; s; s0)) � Apply([
ase([('; 
)jr0℄)j
00℄; s; s0)gIn the above nested abnormality theory 
 and 
00 are 
onditional plans while r0 is a list of pairsof 
onditions and 
onditional plans. (Note that 
ase(r0) will denote a 
onditional plan.). The15



above NAT de�nes the predi
ate Apply using 
ir
ums
ription and 
an be equivalently written asCir
(T ;Apply), where T is the set of seven axioms following \min Apply :" in BApply. That is, we
onsider only models of T in whi
h the predi
ate Apply is minimized. This guarantees that everysituation is the result of exe
ution of a 
onditional plan from the initial situation. For more onnested abnormal theories, please see Appendix E.The NAT BApply 
an be de�ned in words as follows:� Apply([℄; s; s) is true, for all s.� For all a; �; s; s0, Apply([aj�℄; s; s0) is true if Apply(�; do(a; s); s0) ^ Poss(a; s) is true.� For all a; �; s; s0, Apply([aj�℄; s;?) is true if Apply(�; do(a; s); s0) ^ :Poss(a; s) is true.� Apply([
ase([℄)j
℄; s;?) is true for all 
 and s.� Apply(
;?;?) is true for all 
.� For all '; s; s0; s00; 
; r0; 
00, Apply([
ase([('; 
)jr0℄)j
00℄; s; s00) is trueif Knows('; s) ^Apply(
; s; s0) ^Apply(
00; s0; s00) is true.� For all '; s; s0; 
; r0; 
00, Apply([
ase([('; 
)jr0℄)j
00℄; s; s0) is trueif :Knows('; s) ^Apply([
ase(r0)j
00℄; s; s0)) is true.� If none of the above rules is appli
able then Apply(
; s; s0) is false.We now explain how the above de�nition entails Apply([a1; a2; a3℄; s; do(a3; do(a2; do(a1; s)))), as-suming that Poss([a1; a2; a3℄; s) is true. We have that� Apply([a1; a2; a3℄; s; do(a1; do(a2; do(a3; s)))) is true if Poss(a1; s) andApply([a2; a3℄; do(a1; s); do(a3; do(a2; do(a1; s)))) is true. (using the se
ond rule)� Apply([a2; a3℄; do(a1; s); do(a1; do(a2; do(a3; s)))) is true if Poss(a2; do(a1; s)) andApply([a3℄; do(a2; do(a1; s)); do(a3; do(a2; do(a1; s)))) is true. (using the se
ond rule)� Apply([a3℄; do(a2; do(a1; s)); do(a1; do(a2; do(a3; s)))) is true if Poss([a1; a2; a3℄; s) andApply([℄; do(a3; do(a2; do(a1; s))); do(a3; do(a2; do(a1; s)))) is true. (using the se
ond rule)� Apply([℄; do(a3; do(a2; do(a1; s))); do(a3; do(a2; do(a1; s)))) is true. (using the �rst rule)Proposition 3 Let D be a domain des
ription and R(D) be the 
orresponding �rst order theory.Let 
 be a 
onditional plan and ' be a 
uent formula. Then,D j= Knows ' after 
 i� R(D) [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=? :Proof. In Appendix B. 2We would like to point out that the above proposition also holds for a slightly di�erent translationR1(D), where we use the following simpler su

essor state axiom { based on the formulas (1.5) and(1.6) of Se
tion 1.3 { instead of the su

essor state axiom (2.9):Poss(x; s) ^ Poss(x; s0) � [K(do(x; s0); do(x; s)) �(K(s0; s) ^ ((Vnj=1 x 6= Kj) _ (Wnj=1(x = Kj ^Holds(Fj ; s) � Holds(Fj ; s0))))℄ (2.13)16



2.4 State spa
e analysisIn this se
tion we analyze the size of the state spa
e, when reasoning in AK .� It is easy to see that when we have n 
uents, we will have 22n+n 
-states and 22n+n�1 grounded
-states.� Now suppose out of the n 
uents, in the initial situation we do not know the truth value of p(p � n) 
uents. I.e., we know the truth value of n � p 
uents. Then in all initial 
-states hs;�i,the size of � will be less than 2p. It follows from the de�nition of the transition fun
tion and thefa
t that we do not have any knowledge loosing a
tions that any 
-state that 
an be rea
hed byexe
uting a sequen
e of a
tions in the initial 
-state will also have the size of its � less than 2p.Taking this into a

ount the size of the rea
hable (from the initial 
-states) state spa
e will be: 2n1 !+ 2�  2n2 !+ : : :+ 2p �  2n2p!whi
h is larger than 22p .� If we 
onsider the formulations in [Moo85, SL93℄ the `states' will be Kripke models. In that 
asefor n 
uents, we will have at least 2n di�erent possible worlds, and the a

essibility relation willbe a subset of 2n � 2n = 22n elements. Thus the total number of di�erent Kripke models will be2n � 222n = 222n+n.� Re
ently 
omplexity results about planning in presen
e of in
omplete information have beendeveloped in [BKT99℄. One of the results is that the polynomial plan existen
e problem is �2P
omplete in presen
e of in
omplete knowledge about the initial situation and the restri
tion thatsensing a
tions are exe
uted a limited number (bounded by a 
onstant) of times, when looking forfeasible (polynomial length) plans. Without the restri
tions the 
omplexity is higher.The tremendously large size of the state spa
e for AK and also for the formulations in [SL93,LTM97℄, and the above mentioned 
omplexity results ne
essitates sear
h for (provably sound)approximations that have a more manageable state spa
e and a lower 
omplexity. This is our fo
usin the next se
tion.3 Approximating AKIn this se
tion we de�ne several approximations of the semanti
s of AK. In our approximations wewill use 3-valued states, whi
h we will 
all a-states (or approximate states), to represent the stateof knowledge of an agent. An a-state will be normally represented by a pair hT; F i, where T and Fare disjoint sets of 
uents. Intuitively, T (resp. F ) is the set of 
uents whi
h are true (resp. false)in the state hT; F i. An a-state hT; F i is said to be 
omplete if T [ F is the set of all the 
uentsin the domain des
ription. Often we will abuse notation to represent a 
omplete a-state hT; F i,by just T . Let �1 = hT1; F1i and �2 = hT2; F2i be two a-states. We say that an a-state hT1; F1iextends the a-state hT2; F2i, denoted by �2 � �1, if T2 � T1 and F2 � F1. If �1 extends �2, we alsosay that �1 is an extension of �2. �1 \�2 will denote the pair hT1 \T2; F1 \F2i and �1 n�2 denotesthe set (T1 n T2) [ (F1 n F2). For a set of 
uents X we write X n hT; F i to denote X n (T [ F ).Given a 
uent f and an a-state � = hT; F i, we say that f is true (resp. false) in � if f 2 T (resp.f 2 F ); and f is known (resp. unknown) in � if f 2 T [ F (resp. f 62 T [ F ). A positive (resp.negative) 
uent literal f is said to hold in hT; F i if f 2 T (resp. f 2 F ).17



We are now ready to de�ne several approximations for AK. The di�eren
e between the approxi-mations is based on how mu
h 
ase analysis is done to reason about a
tions when the agent hasin
omplete knowledge about the world. We start with the 0-Approximation where no 
ase analysisis done.3.1 0-ApproximationLet D be a domain des
ription, hT; F i be an a-state, and f be a 
uent in D. f (resp. :f) is saidto possibly hold in hT; F i if f 62 F (resp. f 62 T ). A set of 
uents ff1; : : : ; fng is said to possiblyhold in hT; F i if for all i, fi possibly holds in hT; F i. An a
tion a is said to be 0-exe
utable in ana-state hT; F i if there exists an ex-proposition exe
utable a if p1; : : : ; pn, su
h that p1; : : : ; pnhold in hT; F i. We now introdu
e several notations.� e+a (hT; F i) = ff j f is a 
uent and there exists \a 
auses f if p1; : : : ; pn" in D su
h thatp1; : : : ; pn hold in hT; F ig.� e�a (hT; F i) = ff j f is a 
uent and there exists \a 
auses :f if p1; : : : ; pn" in D su
h thatp1; : : : ; pn hold in hT; F ig.� F+a (hT; F i) = ff j f is a 
uent and there exists \a 
auses f if p1; : : : ; pn" in D su
h thatp1; : : : ; pn possibly hold in hT; F ig.� F�a (hT; F i) = ff j f is a 
uent and there exists \a 
auses :f if p1; : : : ; pn" in D su
h thatp1; : : : ; pn possibly hold in hT; F ig.� K(a; hT; F i) = ff j f is a 
uent and \a determines f" in Dg.Intuitively, e+a (hT; F i) (resp. e�a (hT; F i)) is the set of 
uents that must be true (resp. false) afterexe
uting a in hT; F i; F+a (hT; F i) (resp. F�a (hT; F i)) is the set of 
uents that may be true (resp.false) after exe
uting a in hT; F i; and K(a; hT; F i) is the set of 
uents whi
h be
ome known afterexe
uting the a
tion a in hT; F i.We de�ne the result fun
tion of D in the 0-Approximation, denoted by Res0, as follows.Res0(a; hT; F i) = hT [ e+a (hT; F i) n F�a (hT; F i); F [ e�a (hT; F i) n F+a (hT; F i)i:We illustrate these de�nitions in the next example.Example 4 For the domain des
ription D1 from Example 1, the initial a-state is�0 = h;; fdisarmed; explodedgi.Sin
e neither lo
ked nor :lo
ked holds in �0, we have thate+disarm(�0) = ; e�disarm(�0) = ;e+turn(�0) = ; e�turn(�0) = ;Sin
e lo
ked and :lo
ked possibly hold in �0, we have thatF+disarm(�0) = fexploded; disarmedg F�disarm(�0) = ;F+turn(�0) = flo
kedg F�turn(�0) = flo
kedg andK(look; �0) = flo
kedg 18



Sin
e there is no ef-proposition whose a
tion is look, we have that e+look(�0) = e�look(�0) = F+look(�0) =F�look(�0) = ;. Hen
e, Res0(disarm; �0) = h;; ;iRes0(turn; �0) = h;; fdisarmed; explodedgiRes0(look; �0) = h;; fdisarmed; explodedgi 2In the above example, even though disarmed and exploded were false in �0, after exe
uting disarmthey be
ome unknown. On the fa
e of it this is 
ounter to the intuition behind the frame problem,where the values of 
uents remain un
hanged from one situation to another, unless the a
tionin between 
hanges them. In this 
ase the a
tion disarm has two e�e
t propositions, neither ofwhi
h is appli
able as their pre
onditions (:lo
ked and lo
ked respe
tively) do not hold. So a naiveappli
ation of the frame axiom would lead us to 
on
lude that disarmed and exploded remain falsein the situation after exe
uting disarm in �0. But su
h a 
on
lusion is not sound, as it is possiblethat in the real world lo
ked was true and thus after exe
uting disarm, disarmed be
ame true.Based on this possibility, we 
an not just have disarmed to be true in the resultant situation either,as this would be unsound if :lo
ked was true in the real world instead. Thus taking into a

ountthe two possibilities, we 
an reason that the agent will not know whether disarmed is true or falseafter exe
uting disarm. Thus, the resultant a-state should have disarmed as unknown. Our not sostraightforward de�nition of Res0, en
odes this skepti
al reasoning. We now use Res0 to de�ne thetransition fun
tion �0. Again, exe
uting an a
tion might result in an unde�ned a-state, denotedby ?.De�nition 7 Given a domain des
riptionD, the 0-transition fun
tion �0 of D is de�ned as follows:� If a is not 0-exe
utable in �, then �0(a; �) = f?g;� If a is 0-exe
utable in � and a is a non-sensing a
tion then �0(a; �) = fRes0(a; �)g; and� If a is 0-exe
utable in � and a is a sensing a
tion then �0(a; �) = f�0 j � � �0 andK(a; �)n� =�0 n �g. 2In the above de�nition, the transition due to a sensing a
tion results in a set of a-states, ea
h
orresponding to a parti
ular set of sensing results. The 
ondition that all elements of �0n� are fromK(a; �) makes sure that only 
uents that are sensed are the ones for whi
h we have a k-propositionand the 
ondition that all elements of K(a; �) are in �0 n � makes sure that all 
uents mentionedin the k-propositions for that a
tion have a true or false value in �0. If we were to allow a
tionsto be able to both sense and 
hange the world, then �0(a; �) for su
h an a
tion 
an be su

in
tlyde�ned as: �0(a; �) = f�0 j �0 extends Res0(a; �) and �0 n Res0(a; �) = K(a; �) nRes0(a; �)g.Let �0 be a 0-transition fun
tion of D. The 0-extended transition fun
tion �̂0 whi
h maps pairsof 
onditional plans and a-states into set of a-states is de�ned next.De�nition 8 1. �̂0([℄; �) = f�g;2. �̂0(a; �) = �0(a; �); 19



3. For a 
ase plan
 = Case'1 ! p1...'n ! pnEnd
ase �̂0(
; �) = 8><>: �̂0(pj ; �) if 'j holds in �;f?g if none of '1; : : : ; 'n holds in �;4. For two 
onditional plans 
1 and 
2, �̂0([
1; 
2℄; �) = S�02�̂0(
1;�) �̂0(
2; �0);5. �̂0(
;?) = f?g 2A 
onditional plan 
 is 0-exe
utable in an a-state � if ? 62 �̂0(
; �). An a-state �0 is 
alled an initiala-state of D if for any 
uent literal f , f holds in �0 i� \ initially f" is in D. It is easy to see thatfor ea
h domain des
ription, the initial a-state is unique.De�nition 9 Given a domain des
ription D, a 0-model is a pair (�0;�0) where �0 is the initiala-state of D and �0 is a 0-transition fun
tion of D. 2Similarly to Proposition 1, we 
an prove that the 0-transition fun
tion �0 of D is unique. In thenext de�nition, we de�ne our �rst approximate entailment relation, the 0-entailment (j=0), basedon the 0-model.De�nition 10 Let D be a domain des
ription, ' be a 
uent formula, and 
 be a 
onditional planin D. We say� D j=0 Knows ' after 
 if 
 is 0-exe
utable in �0 and ' holds in every a-state belonging to�̂0(
; �0) for every 0-model (�0;�0) of D; and� D j=0 Kwhether ' after 
 if 
 is 0-exe
utable �0 and ' is known in every a-state belongingto �̂0(
; �0) for every 0-model (�0;�0) of D. 2Example 5 For the domain des
ription D1 we have that�0(disarm; �0) = fh;; ;gig�0(turn; �0) = fh;; fdisarmed; explodedgig�0(look; �0) = fhflo
kedg; fdisarmed; explodedgi;h;; flo
ked; disarmed; explodedgigThus D1 j=0 Kwhether lo
ked after look butD1 6j=0 Knows lo
ked after look and D1 6j=0 Knows :lo
ked after look. 2In the next example we show that the 
onditional plan for disarming the bomb in Example 3 
analso be analyzed using the 0-Approximation. 20



Example 6 Let us re
onsider the domain D1 and the 
onditional plan of Example 3.look;Case:lo
ked! turnlo
ked! [℄End
ase 9>>>=>>>; = 
1disarm
9>>>>>>>=>>>>>>>; = 
We have that the initial a-state of D is �0 = h;; fdisarmed; explodedgi.To prove that D1 j=0 Knows disarmed ^ :exploded after 
, we 
ompute �̂0(
; �0) as follows.First, sin
e K(look; �0) = flo
kedg we have that �0(look; �0) = f�1; �2g where�1 = hflo
kedg; fdisarmed; explodedgi and �2 = h;; fdisarmed; exploded; lo
kedgi.Hen
e, �̂0(
; �0) = S�02�0(look;�0) �̂0(
1; disarm; �0)= �̂0(
1; disarm; �1) [ �̂0(
1; disarm; �2)Sin
e lo
ked holds in �1 and :lo
ked holds in �2, we have that�̂0(
1; disarm; �1) = �̂0(disarm; �1) and �̂0(
1; disarm; �2) = S�02�̂0(turn;�2) �̂0(disarm; �0).Furthermore, �̂0(disarm; �1) = fhfdisarmed; lo
kedg; fexplodedgig and�̂0(turn; �2) = �0(turn; �2) = fhflo
kedg; fdisarmed; explodedgig = f�1g.Thus, �̂0(
1; disarm; �2) = �̂0(disarm; �1) = fhfdisarmed; lo
kedg; fexplodedgig.In summary, we have that �̂0(
; �0) = fhfdisarmed; lo
kedg; fexplodedgig whi
h implies thatD1 j=0 Knows disarmed ^ :exploded after 
. 2Although 0-Approximation 
an 
orre
tly analyze the above example, it has weaknesses and it 
annot entail many queries entailed by the AK semanti
s. The following example illustrates this.Example 7 Let us 
onsider the domain D3 with the following 
ausal rules;a 
auses f if ga 
auses f if :gexe
utable a 9>=>; = D3The initial a-state of D3 is �0 = h;; ;i. Intuitively, we would expe
t that Knows f after a is en-tailed by D3 and this entailment holds for j=rAK . However, �̂0(a; �0) = �0(a; �0) = fh;; ;ig be
ausee+a (�0) = e�a (�0) = F�a (�0) = ; and F+a (�0) = ffg. This means that D3 6j=0 Knows f after a. 2In the above example, by doing 
ase analysis we 
an intuitively 
on
lude that f should be trueafter exe
uting a in the initial situation. I.e., we analyze that in the initial situation g 
ould beeither true or false, and in both 
ases we 
an 
on
lude that f will be true after exe
uting a. Thereasoning me
hanism in the 0-Approximation la
ks any su
h 
ase analysis. In the next se
tionwe introdu
e the notion of 1-Approximation that does some 
ase analysis and is able to make theintuitive 
on
lusion in the above example. 21



3.2 1-ApproximationThe 1-Approximation improves on 0-Approximation by de�ning a new result fun
tion whi
h givenan in
omplete a-state � and an a
tion a, 
onsiders all 
omplete extensions of �, and applies a tothese extensions and then 
onsiders what is true and what is false in all the resulting states. Su
h atransition fun
tion does intuitive reasoning w.r.t. the Example 7. We now formally de�ne the newresult fun
tion. For an a-state �, let Comp(�) be the set of all the 
omplete a-states that extend�. The result fun
tion, Res1, whi
h maps a pair of an a
tion a and an a-state � into an a-stateRes1(a; �) is de�ned as follows.Res1(a; �) = \�02Comp(�)Res0(a; �0):The notion of exe
utability 
hanges slightly. Now, an a
tion a is said to be 1-exe
utable in ana-state � if it is 0-exe
utable in all a-states in Comp(�). The 1-transition fun
tion is de�ned next.De�nition 11 Given a domain des
ription D, the 1-transition fun
tion �1 of D is de�ned asfollows:� If a is not 1-exe
utable in � then �1(a; �) = f?g;� If a is 1-exe
utable in � and a is a non-sensing a
tion then �1(a; �) = fRes1(a; �)g; and� If a is 1-exe
utable in � and a is a sensing a
tion then �1(a; �) = f�0 j � � �0 andK(a; �)n� =�0 n �g. 2A 1-model of D is then de�ned as a pair (�0;�1) where �0 is the initial a-state of D and �1 is the1-transition fun
tion of D. The notion of 1-extended fun
tion and 1-entailment is then de�ned asin De�nitions 8 and 10 using 1-transition fun
tion and 1-model, respe
tively.In the next example we shows that the 1-Approximation allows us to reason by 
ases.Example 8 Let us 
onsider again the domain D3 from Example 7. The initial a-state of D3is �0 = h;; ;i. The set of 
omplete extensions of �0, Comp(�0), is the set of all 
omplete a-states of D3. More pre
isely, Comp(�0) = f�1; �2; �3; �4g where �1 = hff; gg; ;i, �2 = hffg; fggi,�3 = h;; ff; ggi, and �4 = hfgg; ffgi.Sin
eRes0(a; �1) = hff; gg; ;i, Res0(a; �2) = hffg; fggi, Res0(a; �3) = hffg; fggi, andRes0(a; �4) =hff; gg; ;i we have that Res1(a; �0) = hffg; ;i. Thus, for any 1-model (�0;�1) of D3, �1(a; �0) =fhffg; ;ig. Hen
e, we 
an 
on
lude that D3 j=1 Knows f after a. 2We now state the relation between the 0-Approximation and the 1-Approximation of domain de-s
riptions of AK .Proposition 4 (Soundness of j=0 w.r.t. j=1) Let D be a domain des
ription, ' be a 
uentformula of D, and 
 be a 
onditional plan. Then,if D j=0 Knows ' after 
 then D j=1 Knows ' after 
:22



Proof. (Sket
h) Similar to Proposition 1 we 
an prove that for every domain des
ription D4,the 0-model and 1-model of D are uniquely determined. Furthermore, the initial a-state in the0-Approximation is also the initial a-state in the 1-Approximation. Let us denote the 0-model and1-model of D by (�0;�0) and (�0;�1) respe
tively. Let � and Æ be two a-states of D su
h that� � Æ. Then, for every a
tion a of D, we 
an prove that(i) for ea
h �0 2 �0(a; �) there exists a Æ0 2 �1(a; Æ) su
h that �0 � Æ0;(ii) for ea
h Æ0 2 �1(a; Æ) there exists a �0 2 �0(a; �) su
h that �0 � Æ0.Using (i) and (ii) we 
an then prove that for any 
onditional plan 
 su
h that ?62 �̂0(
; �),(iii) ?62 �̂1(
; Æ);(iv) for ea
h �0 2 �̂0(
; �) there exists a Æ0 2 �̂1(
; Æ) su
h that �0 � Æ0; and(v) for ea
h Æ0 2 �̂1(
; Æ) there exists a �0 2 �̂0(
; �) su
h that �0 � Æ0.(iii) proves that if 
 is 0-exe
utable in �0 then 
 is 1-exe
utable in �0. This, together with (iv) and(v), and the fa
t that �0 � �0, proves the proposition. 2The next example shows that the 1-Approximation is also not able to make some intuitive 
on
lu-sions5 that 
an be made using the AK semanti
s.Example 9 Consider the domain des
ription:a 
auses p if ra 
auses q if :rb 
auses f if pb 
auses f if qexe
utable aexe
utable b
9>>>>>>>=>>>>>>>; = D4The initial a-state is h;; ;i, where p; q; r; and f are unknown. Although intuitively and also a

ordingto the rational semanti
s of AK , after exe
uting a followed by b in the initial a-state, f should betrue, our 1-Approximation is not able to 
apture this. This is be
ause the 1-Approximation reasonsby 
ases only up to 1-level. Sin
e after reasoning by 
ases for 1-level, it summarizes its reasoningto a pair hT; F i, it is not able to 
apture the fa
t that after exe
uting a in the initial a-state p _ qis true. 2To over
ome the limitation of 1-Approximation as illustrated by the above example, we 
an de�ne2-Approximation whi
h will reason by 
ases up to 2 levels. But it will break down when reasoningby 
ases up to 3 levels is ne
essary, and so on. In the next se
tion, we de�ne !-Approximationwhi
h allows reasoning by 
ases for multiple levels without setting a limit on the number of levels.4Re
all that we do not allow 
ontradi
tory v-propositions or 
ontradi
tory ef-propositions in D5We thank the anonymous AAAI97 reviewer who pointed this out.
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3.3 !-ApproximationOur intention in !-Approximation is to reason by 
ases to as many levels as possible. But thisnumber is limited by the stru
ture of the plan. We 
an only reason by 
ases through sequen
es ofnon-sensing a
tions. For that reason, given a sequen
e of a
tions � = a1; : : : ; an, we now de�nethe longest pre�x of � 
onsisting of only non-sensing a
tions or a single sensing a
tion, denoted bypre(�), as follows:� if a1 is a sensing a
tion then pre(�) = a1 ; or� if � does not 
ontain a sensing a
tion then pre(�) = �; or� if aj is the �rst sensing a
tion in �, 1 < j � n, then pre(�) = a1; : : : ; aj�1.The sequen
e of a
tions obtained from � after removing its pre�x pre(�) is 
alled the remainderof � and is denoted by rem(�).Given a sequen
e of non-sensing a
tions � = a1; : : : ; an, we now de�ne Res!(�; �) by 
onsideringall 
omplete extensions of �, applying � to ea
h of them and then determining their interse
tion.This 
orresponds to doing 
ase by 
ase reasoning for n-levels. More formally,Res!(�; �) = \�02Comp(�)Res0(an; Res0(an�1; : : : ; Res0(a1; �0))):An a
tion a is !-exe
utable in � if a is 0-exe
utable in all 
omplete extensions of �. And, a sequen
eof non-sensing a
tions � is !-exe
utable in � if � is 0-exe
utable in all 
omplete extensions of �.The !-Approximation of D is de�ned by a fun
tion �!, 
alled !-transition fun
tion, whi
h mapsa pair of a sequen
e of a
tions � and an a-state � into a set of a-states, denoted by �!(�; �), asfollows.
�!(�; �) = 8>>>>>>>>>>>><>>>>>>>>>>>>:

f?g if pre(�) is not !-exe
utable in �;fRes!(�; �)g if � does not 
ontain a sensing a
tion and is !-exe
utable in �;f�0 j �0 extends �; and �0 n � = K(a; �) n �gif � = a; a is a sensing a
tion, and a is !-exe
utable in �; andS�02�!(pre(�);�) �!(rem(�); �0); otherwise.A sequen
e of a
tions � is !-exe
utable in � if ?62 �!(�; �).An !-model for a domain des
ription D is then de�ned as the pair (�0;�!), where �0 is the initiala-state of D and �! is an !-transition fun
tion of D.To extend the fun
tion �! over pairs of 
onditional plans and a-states we need the followingobservation.Observation 3.1 Every 
onditional plan 
 
an be represented as a sequen
e of 
onditional plans
1; : : : ; 
n where(a) 
i is either a sequen
e of a
tions or a 
ase plan; and24



(b) for every i < n, if 
i is a sequen
e of a
tions then 
i+1 is a 
ase plan. 2From now on, we will often write a 
onditional plan 
 as a sequen
e 
 = 
1; : : : ; 
n where 
i's satisfythe 
onditions (a) and (b) of Observation 3.1.The extended transition fun
tion of �!, denoted by �̂!, is de�ned next.For a 
onditional plan 
 and an a-state �, we de�ne1. For 
 = 
1, where 
1 is a sequen
e of a
tions, �̂!(
; �) = �!(
1; �);2. For 
 = Case'1 ! 
1. . .'l ! 
lEnd
ase, �̂!(
; �) = 8><>: �̂!(
i; �) if 'i holds in �;f?g if none of '1; : : : ; 'l holds in �;3. For 
 = 
1; 
2; : : : ; 
n, n > 1,(a) if 
1 is a sequen
e of a
tions,�̂!(
; �) = [�02�̂!(
1;�) �̂!(
2; : : : ; 
n; �0)(b) if 
1 = Case'1 ! p1. . .'m ! pmEnd
ase,�̂!(
; �) = 8><>: S�02�̂!(pi;�) �̂!(
2; : : : ; 
n; �0) if 'i holds in �;f?g if none of '1; : : : ; 'm holds in �;4. �̂!(
;?) = f?g for every 
onditional plan 
.The notion of !-entailment is then de�ned as in De�nition 10 using the !-model.The next example shows that this generalization indeed over
omes the problem of 1-Approximationin Example 9, through reasoning by 
ases for multiple levels.Example 10 Let us 
onsider the domain des
ription D4 from Example 9. Let � be a 
ompleteextension of �0. Sin
e � is 
omplete, either r or :r holds in �. Thus, either p or q holds inRes0(a; �). This implies that e+b (Res0(a; �)) = ffg. Sin
e D4 does not 
ontain an ef-proposition,whose e�e
t is :f , we have that F�b (Res0(a; �)) = ;. Hen
e, f holds in Res0(b;Res0(a; �)) forevery 
omplete a-state �. Thus f holds in Res!([a; b℄; �0). By de�nition of �!, we have that fholds in �!([a; b℄; �0) where �0 is the initial a-state of D4. Sin
e a; b is a sequen
e of a
tions,�̂!([a; b℄; �0) = �!([a; b℄; �0). Thus, D4 j=! Knows f after [a; b℄. 225



We prove the soundness of j=1 w.r.t. j=! in the next proposition.Proposition 5 (Soundness of j=1 w.r.t. j=!) Let D be a domain des
ription, ' be a 
uentformula, and 
 be a 
onditional plan. Then,if D j=1 Knows ' after 
 then D j=! Knows ' after 
:Proof. The proof is similar to the proof of Proposition 4. 23.4 Soundness of 0, 1 and !-Approximations w.r.t. AK-semanti
sIn the previous sub-se
tions we dis
ussed three di�erent approximations of AK . Our next goalis to show that these approximations are sound w.r.t. AK . Sin
e we have already shown inPropositions 4 and 5 that j=0 is sound w.r.t. j=1 and j=1 is sound w.r.t. j=!, we will now showthat the !-Approximation is sound w.r.t. AK .Proposition 6 (Soundness of j=! w.r.t. j=AK) Let D be a domain des
ription, ' be a 
uentformula, and 
 be a 
onditional plan. Then,if D j=! Knows ' after 
 then D j=AK Knows ' after 
:Proof. In Appendix C. 2Even though !-Approximation 
an reason more than the 1-Approximation, it still 
an not mat
hthe AK semanti
s. The following example illustrates this.Example 11 Let D5 be the following domain des
ription.a 
auses :p if rb determines r
 
auses p if rinitially pexe
utable aexe
utable bexe
utable 

9>>>>>>>>>>=>>>>>>>>>>; = D5

We have that �0 = hfpg; ;i is the initial a-state of D5.Let � = [a; b; 
℄.There are two 
omplete extensions of �0: �1 = hfpg; frgi and �2 = hfp; rg; ;i. This impliesthat Res!(a; �0) = Res0(a; �1) \ Res0(a; �2) = hfpg; frgi \ hfrg; fpgi = h;; ;i. Furthermore,�!(b; h;; ;i) = fhfrg; ;i; h;; frgig, and �!(
; hfrg; ;i) = fhfp; rg; ;ig and �!(
; h;; frgi) = fh;; frgig.Sin
e �̂!(�; �0) = �!(�; �0) = S�2�!(a;�0) �!([b; 
℄; �) = �!([b; 
℄; h;; ;i)= S�2�!(b;h;;;i) �!(
; �) = �!(
; hfrg; ;i) [ �!(
; h;; frgi)= fhfp; rg; ;i; h;; frgig;we have that D5 6j=! Knows p after [a; b; 
℄ and D5 6j=! Knows :p after [a; b; 
℄.26



Now, we will show that D5 j=rAK Knows p after [a; b; 
℄. Let s1 = fpg, s2 = fp; rg, and s3 = frg.D5 has two initial 
-states: hs1; fs1; s2gi and hs2; fs1; s2gi. We have that�̂([a; b; 
℄; hs1; fs1; s2gi) = �̂([b; 
℄; hs1; fs1; s3gi) = �̂(
; hs1; fs1gi) = hs1; fs1gi and�̂([a; b; 
℄; hs2; fs1; s2gi) = �̂([b; 
℄; hs3; fs1; s3gi) = �̂(
; hs3; fs3gi) = hs2; fs2gi.It is easy to 
he
k that p is known to be true in �̂([a; b; 
℄; hs1; fs1; s2gi) and �̂([a; b; 
℄; hs2; fs1; s2gi).Thus D5 j=rAK Knows p after [a; b; 
℄. 23.5 Complexity of progressionIn this sub-se
tion we will 
ompare the 
omplexity of progression in the various approximations.Suppose the number of 
uents we have is n, and d is the size of the domain des
ription. Given ana-state hT; F i, su
h that the size of T [F is m, the 
omplexity of 
omputing Res, Res0, Res1, andRes! in the di�erent approximations are as follows:� 0-Approximation: The 
omplexity of 
omputing Res0(a; �) is m� number of ef-propositionsin the domain des
ription. This is of the order of m� d.� 1-Approximation: Here we need to 
ompute Res1. This is of the order of 2n�m �m� d.� !-Approximation: Here we also need to 
ompute Res!. This is also of the order of 2n�m �m� d.It is easy to see that if a sensing a
tion a determines p 
uents and � is a-state where none of these
uents are known, then �0(a; �); �1(a; �); �!(a; �) will have 2p a-states.From the above analysis, it is 
lear that progression 
an be done mu
h faster in the 0-Approximationthan in the other two. On the other hand there is no signi�
ant di�eren
e in doing progressionbetween 1-Approximation and !-Approximation. (A more formal result was re
ently given in[BKT99℄, where it was shown that while 
omputing the next state Res0(a; �) is a polynomial timepro
edure, 
omputing Res1(a; �) is 
oNP-Complete.)4 Related resear
hIn this se
tion we �rst dis
uss the expressiveness and limitations of our formulations in this paperas 
ompared to other formulations in the literature and then do detailed 
omparisons with worksthat are 
losest to ours.4.1 Expressiveness and limitations of AKSin
e our main goal in this paper has been to formalize sensing a
tions, to avoid distra
tions wehave on purpose limited the expressiveness of the rest of the language. For example, we do notallow multi-valued 
uents [GKL97℄, stati
 
ausal laws [Lin95, MT95, Bar95℄, 
on
urrent a
tions[LS92, BG93, BG97℄, narratives [BGP98, MS94℄, et
. In Se
tion 2.2 we brie
y dis
uss how mostof these restri
tions 
an be lifted. Besides these, we also make some additional assumptions thatlimit the expressiveness of our language. We now brie
y dis
uss these assumptions and why wemake them. 27



� We follow the approa
h in [GL93℄ in not having a full �rst-order language. This allows us toavoid the additional indu
tion axioms des
ribed in [Rei91, Rei98℄. Although, we do not havefull �rst order language we do allow variables, and propositions with variables su
h as:move(X;Y ) 
auses at(Y )Here, the proposition is viewed as a `s
hema' representing a set of propositions where X andY are bound. Also, we assume our domain to be �nite. I.e, we assume that we have a �niteset of a
tions, and 
uents.� We assume that there is a single agent who is planning and a
ting and our interest is in for-malizing his knowledge about the world vis-a-vis the real state of the world. Moreover, unlikein [SL93℄ we make the assumptions of the modal logi
 S5 and hard 
ode it into our semanti
s.This allows us to use the simpler 
-states instead of using Kripke models. Moreover, as weshow in Se
tion 2.4, this leads to a smaller state spa
e. A similar approa
h is followed inmost of the 
hapters in [FHMV95℄� We assume the sensing a
tions (i.e., the operation of the sensors) to be perfe
t. Ba

hus,Halpern, and Levesque [BHL95℄ extend the situation 
al
ulus approa
h in [SL93℄ to allowfor noisy sensors. In the future, we plan to extend our approa
h to this 
ase. Also, in theOperations Resear
h literature POMDPs (partially observable Markov de
ision pro
esses) areused in formulating noisy observations. We plan to formulate sensing a
tions using POMDPsand 
ompare it with our 
urrent formulation.� We follow the high-level language do
trine in [Lif97℄ and the approa
h in databases and use alimited query language. This allows us to have a simpler formulation. Our query language 
anbe easily extended to allow for knowledge and temporal operators as in [GW96℄, but it is notstraightforward and nor we favor the generality of allowing quanti�ers (as in [Rei91, Rei98℄).� In most of the paper our interest is in progression and veri�
ation of 
onditional plans. Inother words, given the des
ription (possibly partial) of an initial state, a 
onditional plan anda goal, we would like to verify if the given plan exe
uted in the initial state will take us to thegoal. Be
ause of this limited interest, we 
an use the simpler formulation in (1.5) and (1.6)instead of (1.3) and (1.4). When using the simpler formulation we 
an not add an observationof the form 9S:Knows(f;S) to �nd out what S is. This is a limitation only when we use thelogi
al formulation, and not at the semanti
 level.4.2 Relationship with S
herl and Levesque's formulationIn Se
tion 2.3 we gave a translation of domain des
riptions in D to a �rst-order theory that usedS
herl and Levesque's [SL93℄ su

essor-state axiom (whi
h is based on Moore's [Moo85℄ formulation)and showed the equivalen
e w.r.t. queries in the language of AK . Sin
e S
herl and Levesque dire
tlyformalize in �rst-order logi
, their formulation is more general than ours; (i) in terms of allowingmore general des
riptions about the domain su
h as being able to 
hoose whi
h modal logi
 to use,and observations about non-initial situations; and (ii) in terms of allowing more general queries.On the other hand our goal in this paper has been to have a simpler formulation, perhaps atthe 
ost of generality. For example, the `state' of the agent's knowledge in S
herl and Levesque'sformulation (and also in Moore's formulation) would be a Kripke model. Sin
e planning in a statespa
e where a `state' is a Kripke model is more diÆ
ult, we have a simpler notion of a `state' whi
h28



we 
all a 
-state. (For instan
e, if we have n 
uents then the number of di�erent Kripke models are222n+n, while the number of di�erent 
-states are 22n+n.) As mentioned earlier, our 
-state has two
omponents, the real state of the world and the set of possible states that the agent thinks it maybe in. Our 
-state is a
tually equivalent to a Kripke model when we 
onsider the logi
 S5. Thuswith a goal to make things simpler we sa
ri�
e generality and make an a-priori de
ision on whi
hlogi
 of knowledge to use.Also, sin
e we develop a high level language AK , with an independent semanti
s { that does notdepend on standard logi
s, it 
an serve the role of a ben
hmark for languages with sensing a
tions,at least for the restri
ted 
lass of queries in AK . Moreover, this high level language makes it easierfor us to prove the soundness of approximations that have a mu
h less and more manageable statespa
e. By having sound and 
omplete translations of domain des
riptions in AK to theories in�rst-order logi
 that use S
herl and Levesque's axioms, our sound approximations are also in a waysound approximations of S
herl and Levesque's formalism.Finally, we would like to mention that loop-free robot programs of [Lev96℄ are spe
ial 
ases of our
onditional plans. In parti
ular, the statements seq(a; r) and bran
h(a; r1; r2) of [Lev96℄ 
an bere
ursively translated to 
onditional plans a; r andaCasef ! r1:f ! r2End
aserespe
tively. In this paper we do not allow loops in our 
onditional plans. But the ideas in[Lev96, LTM97℄ 
an be used to extend our 
onditional plans to allow loops.4.3 Relationship with Lobo et al.'s semanti
sLobo et al. in [LTM97℄ have a goal similar to ours, in terms of developing a high-level languagethat allows sensing a
tions and giving translations of it to theories in a standard logi
al language.We now list some of the major di�eren
es between both approa
hes:� They represent the state of an agent's knowledge by a set of states (whi
h they refer to asa situation), and the transition fun
tion � in their model is de�ned su
h that for a sensinga
tion a and a situation �, �(a;�) is a subset of � that 
onsists of all states whi
h agree onthe 
uent values determined by the sensing a
tion a. A drawba
k of this approa
h is thatdomain des
riptions have a lot of models. But more importantly, it is possible that whena domain des
ription has two a
tions a and b that determine the same 
uent f , there aremodels �, su
h that �(a;�) 6= �(b;�) for some �'s. In other words, while f may be true inall states in �(a;�), it may be false in all states in �(b;�). We �nd su
h models unintuitive.� The semanti
s of AK is more general than the semanti
s of Lobo et al. in the sense that intheir formulation the assumption about models being rational is hard wired into the semanti
s.� On the other hand the high level language used by Lobo et al. is more general than the onewe are using. They allow 
onditional sensing through pre
onditions in k-propositions. We donot allow pre
onditions in k-propositions but we allow exe
utability 
onditions.29



� Lobo et al. give translations of their domain des
riptions to theories in epistemi
 logi
 pro-grams [Gel91℄. We have translations to disjun
tive logi
 programs [BS98, S00℄, whi
h aresimpler than epistemi
 logi
 programs. We also give translations to �rst-order theories.� Finally, we 
onsider sound approximations of our language. In the later part of this se
tionwe show our semanti
s to be equivalent (sometimes) to theirs. Thus our approximations arealso sound approximations of their formulation.We now give a qui
k overview of the formulation in [LTM97℄, restri
ted to the 
ommon syntax ofAK and their language. We then show that our rational semanti
s is equivalent to the semanti
s in[LTM97℄ for this restri
ted 
ase. The semanti
s of [LTM97℄ is de�ned through transition fun
tionsthat map pairs of a
tions and situations into situations where a situation is a set of states. Asituation is 
onsistent if it is not empty. Given a domain des
ription D, the situation 
onsisting ofall the initial states of D, denoted by �0, is 
alled the initial situation of D. A 
uent f is said tobe true in a situation � if f 2 s for every s 2 �. A 
uent formula ' is said to be true in a situation� if ' is true in every state s belonging to �. We will need the following de�nition.De�nition 12 Let � be a 
onsistent situation and f a 
uent. A 
onsistent situation �0 is \f -
ompatible" with � i�1. �0 = f� 2 � j f 62 �g; or2. �0 = f� 2 � j f 2 �gFor a domain des
ription D, a fun
tion � from pairs of a
tions and situations into situations is
alled an interpretation of D.De�nition 13 An interpretation � of a domain des
ription D is a model of D if and only if1. for any 
onsistent situation �.(a) for any non-sensing a
tion a, �(a;�) = [s2�fRes(a; s)g:(b) for ea
h sensing a
tion a, let a determines f1: : :a determines fnbe the k-propositions in whi
h a o

urs. Then,� �(a;�) must be a 
onsistent situation; and� �(a;�) = �1 \ �2 : : : \ �n where �i is a fi-
ompatible situation with � for i =1; : : : ; n2. for any a
tion a, �(a; ;) = ;.Lobo et al. extend the fun
tion � to a plan evaluation fun
tion ��(
;�) whi
h allows 
onditionalplans. The de�nition of ��(
;�) given in [LTM97℄ is very similar to the de�nition of �̂ and weomit it here for brevity. In the following example, we show the di�eren
e between our models andthe models of Lobo et al. 30



Example 12 Let us 
onsider the domain des
ription D1 from Example 1. The states of D1 are:s1 = ;: s5 = fdisarmedgs2 = flo
kedg s6 = fdisarmed; explodedgs3 = fexplodedg s7 = fdisarmed; lo
kedgs4 = flo
ked; explodedg s8 = fdisarmed; lo
ked; explodedgThe initial situation of D1 is �0 = fs1; s2g. There are two lo
ked-
ompatible situations with�0: �1 = fs1g and �2 = fs2g. Thus, if � is a model of D1, then either �(look;�0) = fs1g or�(look;�0) = fs2g, i.e., in the approa
h of Lobo et al. there are (at least) two di�erent modelswhi
h di�er from ea
h other by the transition fun
tions. On the other hand, in our approa
h wehave two rational models whi
h di�er only by the initial 
-states. 2The entailment relation w.r.t. Lobo et al.'s semanti
s is de�ned next.De�nition 14 D j=LTM Knows ' after 
 i� for every model � of D, ' is true in ��(
;�).The following proposition relates Lobo et al's semanti
s with ours.Proposition 7 (Equivalen
e between j=rAK and j=LTM) Let D be a domain des
ription, ' bea 
uent formula in D, and 
 be a 
onditional plan in D. Then,D j=rAK Knows ' after 
 i� D j=LTM Knows ' after 
:Proof. In [BS98, S00℄. 24.4 Past resear
h on planning with sensingIn the past several planners have been developed that 
an plan (to some extent) in presen
e ofin
ompleteness, and some of these planners use sensing a
tions. In this se
tion we brie
y des
ribea few of these planners, the semanti
s they use and 
ompare it with our semanti
s.4.4.1 Golden and Weld's workGolden, Weld and their 
olleagues in [GW96, Gol97, EHW+92℄ have developed planning languagesand planners that 
an plan in presen
e of in
ompleteness, use sensing a
tions, and plan for `knowl-edge' goals. Two of these languages are UWL [EHW+92℄ and SADL [GW96℄. We now list some oftheir main 
ontributions and 
ompare their formulation with that of ours.� As evident from the title `Representing sensing a
tions { the middle ground revisited' of[GW96℄, their goal is to develop a middle ground in formulating sensing a
tions. After readingGolden's thesis [Gol97℄ and 
ommuni
ating with him it seems that their formulation is 
loseto our 0-approximation, and like 0-approximation it does not do the 
ase-by-
ase reasoningne
essary to make the desired 
on
lusion in D3 of Example 7. But, while they do not have asoundness result, they have implemented and in
orporated their planner into Softbot agents.� One of their main 
ontributions is their notion of LCW (lo
al 
losed world) and reasoningwith (making inferen
es and updates) LCW. We do not have a similar notion in this paper.31



� They introdu
e a minimal but extremely useful set of knowledge-temporal goal. In UWL,they have the annotations `satisfy', `hands-o�' and `�ndout' and in SADL, they have `satisfy',`hands-o�' and `initially'. Intuitively, the annotation satisfy(p) means to rea
h a state wherep is true and the agent knows that p is true; the annotation hands-o�(p) means that duringthe exe
ution of the plan, the truth value of p does not 
hange; and the annotation initially(p)is used to spe
ify the goal of sensing the truth value of p at the time the goal is given, theidea being that after the agent has �nished exe
uting his plan, he will know the truth valueof p when he started. They also formulate regression with respe
t to goals formulated usingsu
h annotations.We have one small reservation about their annotation `initially'. In [Gol97℄, Golden says thatinitially(p) is not a
hievable by an a
tion that 
hanges the 
uent p sin
e su
h ana
tion only obs
ures the initial value p. However, 
hanging p after determining itsinitial value is �ne.We think the above 
ondition is restri
tive be
ause sometimes we 
an determine the initialvalue of p, even though we 
hange its value. Consider the 
ase where we do not know thevalue of p, and we have an a
tion a and an a
tion senseg whose e�e
ts 
an be des
ribed asfollows:a 
auses g if pa 
auses :g if :pa 
auses p if :pa 
auses :p if psenseg determines gNow, even though the a
tion a 
hanges the value of p, we 
an �nd the initial value of p byexe
uting the plan a; senseg.We believe these annotations are an important 
ontribution, and additional resear
h is ne
-essary in developing a general knowledge-temporal language for representing more expressivequeries over traje
tories of 
-states. For example, we may want to maintain knows-whether(p),i.e., during the exe
ution of the plan, we do not want to be in a state where we do not knowthe value of p. This is di�erent from hands-o�(p), where we are not allowed to 
hange thevalue of p, but we don't have to know the value of p all through the traje
tory.� An important di�eren
e between their approa
h and ours is that their fo
us is on 
ombiningplanning with exe
ution, while our fo
us is more 
lose to the 
lassi
al planning paradigm wherewe would like to generate a 
omplete plan (possibly with 
onditional statements and sensinga
tions) before starting exe
ution. This di�eren
e in our fo
us shows up in the di�eren
e inour 
hara
terization of sensing a
tions.4.4.2 Goldman and Boddy's workIn their KR 94 paper [GB94℄, Goldman and Boddy use a single model of the world representingthe planners state of the knowledge. They then �rst 
onsider a
tions with exe
utability 
onditions(but no 
onditional e�e
ts) and with expli
it e�e
ts that may make 
uents unknown. They de�neprogression (the knowledge state rea
hed after exe
uting an a
tion), and regression with respe
t tosu
h a
tions. 32



Next they extend their a
tion de�nition to in
lude 
onditional a
tions whi
h have a set of mutuallyex
lusive and exhaustive possible out
omes (i.e., exa
tly one of the out
omes will be the resultof the a
tion). They suggest that su
h 
onditional a
tions 
an be used to des
ribe observationoperators by requiring that if su
h an a
tion is supposed to observe the 
uent f , then unknown(f)must be in the exe
utability 
ondition of that a
tion.They argue about the diÆ
ulty of adding 
onditional e�e
ts to their model, whi
h does not haverepresentations of both the state of the world and the planner's state of knowledge.The following points 
ompare and 
ontrast their approa
h to that of ours:� Sin
e they use a single model to represent both the world and the planners knowledge aboutthe world, their formulation is perhaps similar to our approximations, where we also havea single model. But, their formulation has not been shown to be sound with respe
t a fullformulation.� Their formulation of sensing a
tions (or observation operators as they 
all it) 
an wrongly
onsider the tossing of a 
oin a
tion to be a sensing a
tion if the state of the 
oin (whether`heads' or `tails') is unknown before the 
oin was tossed. Be
ause of this we do not believethat their formulation (restri
ted to a 
ommon subset with our language) will be sound withrespe
t to our formulation.� They allow a
tions - even in the absen
e of 
onditional e�e
ts { to expli
itly make 
uentsunknown. We do not have su
h a
tions, but be
ause of 
onditional e�e
ts, our a
tions 
analso make 
uents unknown.In a later paper [GB96℄, they extend 
lassi
al planning to allow 
onditional plans, 
ontext-dependenta
tions, and non-deterministi
 out
omes and argue the ne
essity of separately modeling the plan-ner's information state and the world state. They use propositional dynami
 logi
 to express
onditional plans, and reason about information-gathering (sensing) and the agent's informationstate. We like their idea of using propositional dynami
 logi
 and results about it and appre
iatetheir goal to explore a middle ground between having a full formulation of sensing a
tions, andnot allowing in
ompleteness at all. That 
oin
ides with our motivation for exploring approxima-tion. But, after 
arefully reading the paper several times, we believe that more details about theirformulation are ne
essary to fairly and more 
omprehensively 
ompare their approa
h to ours.4.5 RegressionOur fo
us in this paper so far has been on progression and plan veri�
ation. Considering there
ent su

ess of model-based planning using propositional satis�ability [KS92, KMS96, KS99℄ ourformulation is geared towards su
h an approa
h. Nevertheless, we would like to brie
y 
ommenton the notion of regression and its role in 
onditional planning with sensing a
tions.Regression with respe
t to simple a
tions has been studied in [Ped94, Rei98℄. S
herl and Levsque[SL93℄ study regression with respe
t to sensing a
tions. The intuition behind regression of a formula' with respe
t to an a
tion a, is to �nd a formula  su
h that  holds in a situation s if and onlyif ' will hold in the situation do(a; s). Regression 
an be used to verify the 
orre
tness of aplan by regressing the goal to the initial situation and verifying if the regressed formula holds inthe initial situation. Regression 
an be also used in the least 
ommitment approa
h to planning[BGPW93, Wel94℄. We now present the regression rules for regressing knowledge formulas with33



respe
t to 
onditional plans. The �rst four rules are adapted from [SL93℄ and further simpli�ed.The simpli�
ation is due to the use of S5 modal logi
 where only one level of knowledge is suÆ
ient.The regression over 
onditional plans is our original 
ontribution.1. For a 
uent f and an a
tion a with the ef-propositionsa 
auses f if %1,. . . ,a 
auses f if %n, a 
auses :f if %01,. . . ,a 
auses :f if %0mRegression(f; a) = Wni=1 %i _ (f ^ :Vmj=1 %0j).2. For a 
uent formula ' and a non-sensing a
tion a,Regression(Knows ('); a) = Knows (Regression('; a)).3. For a 
uent f and a sensing a
tion a whi
h senses the 
uents f1; : : : ; fn, let I(a; f1; : : : ; fn)be the set of 
onjun
tions of literals representing the interpretations of the set ff1; : : : ; fng6.Let ' be a 
uent formula. Then,Regression(Knows ('); a) = V
2I(a;f1;:::;fn) 
!Knows (
!').4. Regression over 
-formulas7� Regression('1 ^ '2; a) = Regression('1; a) ^Regression('2; a);� Regression('1 _ '2; a) = Regression('1; a) _Regression('2; a);� Regression(:'; a) = :Regression('; a).5. Regression over 
onditional plans and 
-formulas. (In the equations below, ''s are 
-formulas,and 'i's are 
uents formulas.)� Regression('; [℄) = ';� Regression(';�; a) = Regression(Regression('; a); �) where � is a sequen
e of a
tions;� Regression('; 
ase '1!p1; : : : ; 'n!pn end
ase) = Wni=1(Knows ('i)^Regression('; pi))� Regression('; 
1; 
2; : : : ; 
n) = Regression(Regression('; 
n); 
1; : : : ; 
n�1) where 
i'sare 
onditional plans satisfying the 
onditions of Observation 3.1.The next proposition proves the soundness and 
ompleteness of the regression formula.Proposition 8 Given a domain des
ription D, let ' be a 
-formula, and �1; : : : ; �n be the set ofgrounded initial 
-states of D, and 
 be a 
onditional plan that is exe
utable in all the groundedinitial 
-states of D.� 8i; 1 � i � n �i j= Regression('; 
) i� 8j; 1 � j � n �̂(
; �j) j= 'Proof. In Appendix D. 26For example, if a senses f and g then I(a; f; g) = f:f ^ :g;:f ^ g; f ^ :g; f ^ gg.7A knowledge formula (k-formula) is a formula of the form Knows ('), where ' is a 
uent formula, and we sayKnows (') holds in a 
-state � = hs;�i, if ' holds in all states of �. A 
ombined formula (
-formula) is a formula
onstru
ted using 
uent formulas, k-formulas and the propositional 
onne
tives, and when a 
-formula holds in a
-state is de�ned in a straightforward way. 34



5 Con
lusion and future workIn this paper we presented a high-level a
tion des
ription language that takes into a

ount sensinga
tions and distinguishes between the state of the world and the state of the knowledge of anagent about the world. We gave sound and 
omplete translation of domain des
riptions in ourlanguage to theories in �rst-order logi
 and have similar translations [BS98, S00℄ to disjun
tivelogi
 programming. We 
ompared our formulation with others and analyze the state spa
e of ourformulation and that of the others. We then gave sound approximations of our formulation with amu
h smaller state spa
e. We believe the approximations in this paper will be very important indeveloping pra
ti
al planners.Some of our future plans are:� We would like to analyze existing planners8 that 
onstru
t 
onditional plans and use sensinga
tions and develop more eÆ
ient planners based on the approximations des
ribed in thispaper. We have made a head start in this dire
tion by implementing a simple generate andtest planner in Prolog.� We would like to further explore the notions of 1-Approximation and !-Approximation.� We would like to follow satis�ability planning [KS92, KMS96, KS99℄ and S-model based plan-ning [DNK97, EL99, Erd℄ by adapting our 
lassi
al logi
 and logi
 programming formulationsto plan with sensing a
tions.� We would like to adapt our formulation of sensing to other a
tion des
ription languages{ parti
ularly the a
tion des
ription language for narratives [BGP97, BGP98℄ { to developnotions of diagnosis and diagnosti
 and repair planning with respe
t to a narrative. Intuitively,the later means to develop a plan { possibly with sensing a
tions { that leads to a uniquediagnosis of a system.A
knowledgmentWe would like to thank the anonymous reviewer for his/her valuable 
omments that help us toimprove the paper in many ways.Appendix AProposition 9 For every sequen
e of a
tions � of D1,D1 6j=rAK Knows disarmed ^ :exploded after �:Proof. Let s1 = ; and s2 = flo
kedg. The two initial 
-states of D1 are �1 = hs1; fs1; s2giand �2 = hs2; fs1; s2gi. Let � be an arbitrary sequen
e of a
tions of D1 and � be its longestpre�x whi
h does not 
ontain the a
tion disarm. Sin
e no a
tion in � 
hanges the value of the
uent exploded, we 
an 
on
lude that � is exe
utable in �1 and �2. Let �̂(�; �1) = hs1�;�1�i8From the following quote in [GW96℄:\In UWL (and in SADL) individual literals have truth values expressed in three valued logi
: T, F, U (unknown). "it seems that they are using an approximation. We would like to analyze this planner to �gure out what kind ofapproximation they are using and if it is sound w.r.t. one of the formulations dis
ussed in this paper.35



and �̂(�; �2) = hs2� ;�2�i. We �rst prove by indu
tion over the length of �, denoted by j�j, thefollowing: fs1; s2g = fs1� ; s2�g; s1� 2 �1� and s2� 2 �2�: (2.14)Base 
ase: j�j = 0, i.e., � = [℄. By de�nition of �̂, we have that �̂(�; �1) = �1 and�̂(�; �2) = �2. Thus (2.14) holds.Indu
tive step: Assume that we have proved (2.14) for j�j < n. We need to prove (2.14)for j�j = n. Let � = �0; a. Sin
e a 6= disarm, a is either turn or look. If a = turn, wehave that fs1� ; s2�g = fRes(a; s1�0); Res(a; s2�0)g = fRes(a; s1); Res(a; s2)g = fs1; s2g: And,if a = look, we have that fs1� ; s2�g = fs1�0 ; s2�0g = fs1; s2g: Furthermore, by de�nition of �,from s1�0 2 �1�0 we 
an 
on
lude that Res(a; s1�0) = s1� 2 �1�. Similarly, we have s2� 2 �2�.The indu
tive hypothesis is proven.We now use (2.14) to prove the proposition. Re
all that D1 has two models (�1;�) and (�2;�).From the 
onstru
tion of �, there are three 
ases: (1) � = �, (2) �; disarm = �, and (3) �; disarmis a proper pre�x of �.Case 1: � = �. Sin
e disarmed is not true in s1 and s2, disarmed is not known to be truein �̂(�; �1) and �̂(�; �2). Thus, by de�nition 6, D1 6j=rAK Knows disarmed after �;Case 2: �; disarm = �. It follows from (2.14) that Res(disarm; s1) = s3 belongs to �1� or�2� where �̂(�; disarm; �1) = hs1�;�1�i and �̂(�; disarm; �2) = hs2�;�2�i. Sin
e :explodeddoes not holds in s3, we 
on
lude that :exploded is not known to be true in �̂(�; disarm; �1)or �̂(�; disarm; �2). Again, by De�nition 6, D1 6j=rAK Knows :exploded after �.Case 3: �; disarm is a proper pre�x of �. Sin
e s1 2 fs1� ; s2�g, either s1� = s1 or s2� = s1.Sin
e Res(disarm; s1) = s3 and none of the a
tions of D1 is exe
utable in s3 we 
an 
on
ludethat �̂(�; �1) =? or �̂(�; �2) =?. This means that � is not exe
utable in all 
-initial statesof D1. By De�nition 6, D1 6j=rAK Knows disarmed ^ :exploded after �The above three 
ases show that D1 6j=rAK Knows disarmed ^ :exploded after �. This provesthe proposition. 2Appendix B - Soundness and Completeness of the translation D toR(D)We now prove the propositions 2 and 3. Re
all that we assume that D is a domain des
riptionwith m v-propositions initially G1, : : :, initially Gm and n sensing a
tions K1; : : : ;Kn withthe k-propositions K1 determines F1, : : :, Kn determines Fn. And, we also assume that forea
h a
tion A, D 
ontains at least one exe
utability 
ondition whose a
tion is A and ea
h sensinga
tion o

urs only in one k-proposition.In the following, we write �:1 and �:2 to denote the �rst and se
ond 
omponent of a 
-state �,respe
tively. In other words, if � = hs;�i, then �:1 and �:2 denote s and � respe
tively. For astate s and an a
tion sequen
e � = [a1; : : : ; ak℄, where [℄ denotes the empty sequen
e of a
tions, if� is exe
utable in s then Res(�; s) denotes the state Res(ak; Res(ak�1; : : : ; Res(a1; s))); otherwise,36



Res(�; s) =? (or unde�ned). A situation interpretation in D is de�ned by a sequen
e of a
tions �followed by a state s, su
h that � is exe
utable in s, and is denoted by [�℄s. For an interpretationI of the theory R(D), we write I[[p℄℄ to denote the set of tuples belonging to the extent of thepredi
ate p in I. I[[f ℄℄(~x) denotes the obje
t whi
h fun
tion f maps ~x into in I. When f is a 0-aryfun
tion symbol, we simplify I[[f ℄℄() to I[[f ℄℄.De�nition 15 Let D be a domain des
ription and M = (�0;�) be a model of D. The M-interpretation of R(D), denoted by MR, is de�ned as follows.The universes of MR:(U.1) the universe of a
tions, denoted by jMRja
tion, is the set of a
tions A of D, i.e., jMRja
tion =A;(U.2) the universe of 
uents, denoted by jMRjfluent, is the set of 
uents F of D, i.e., jMRjfluent = F;and(U.3) the universe of situations, denoted by jMRjsituation, is de�ned by the set of situation inter-pretations, i.e., jMRjsituation = f[�℄s j s � F; � is an a
tion sequen
e exe
utable in sg [ f?gwhere ? denotes the \impossible" situation.The interpretations of MR:(I.1) Fluent 
onstants and a
tion 
onstants are interpreted as themselves;(I.2) Ea
h situation S is interpreted as a situation interpretation. In parti
ular, MR[[S0℄℄ = [℄�0:1;(I.3) The interpretation of the predi
ate Holds is de�ned by hF; [�℄Si 2 MR[[Holds℄℄ i� Res(�; S)is de�ned and F holds in Res(�; S);(I.4) The interpretation of the predi
ate K is de�ned indu
tively as follows:� h[℄S0; [℄Si 2MR[[K℄℄ if S = �0:1 and S0 2 �0:2; and� h[�;A℄S0; [�;A℄Si 2MR[[K℄℄ if the following 
onditions are satis�ed{ h[�℄S0; [�℄Si 2MR[[K℄℄;{ A is exe
utable in Res(�; S) and Res(�; S0); and{ either A is a non-sensing a
tion or A is a sensing a
tion that senses the 
uent Fand Res(�; S) and Res(�; S0) agree on F .� h[�0℄S0; [�℄Si 62MR[[K℄℄ otherwise;(I.5) The interpretation of the fun
tion do is de�ned by MR[[do℄℄(A; [�℄S) = [�;A℄S if A is exe-
utable in Res(�; S); otherwise MR[[do℄℄(A; [�℄S) =?. 2The interpretation MR is then extended to the predi
ates introdu
ed in Subse
tion 2.3 su
h as 
+F ,
�F , Poss, et
. For example, for a situation interpretation [�℄S,� h'; [�℄Si 2MR[[Holds℄℄ i� ' holds in Res(�; S); or37



� hA; [�℄Si 2 MR[[
+F ℄℄ i� there exists an ef-proposition \A 
auses F if �" 2 D su
h thath�; [�℄Si 2MR[[Holds℄℄; or� hA; [�℄Si 2 MR[[Poss℄℄ i� there exists an ex-proposition \ exe
utable A if �" 2 D su
hthat h�; [�℄Si 2MR[[Holds℄℄;� et
.We next prove some lemmas about the relationship between a modelM ofD and theM -interpretationMR whi
h will be used in proving the propositions 2 and 3. For 
onvenien
e, for a formula ' inthe language of R(D), if ' is true in MR we write MR j= '.Lemma 2.1 For ea
h model M = (�0;�) of a domain des
ription D, a 
uent F , an a
tion A,and a situation interpretation [�℄S(i) hA; [�℄Si 2MR[[
+F ℄℄ i� F 2 E+A (Res(�; S)); and(ii) hA; [�℄Si 2MR[[
�F ℄℄ i� F 2 E�A (Res(�; S)).Proof. [�℄S is a situation interpretation implies that � is exe
utable in S. Therefore, Res(�; S) isde�ned. We have thathA; [�℄Si 2MR[[
+F ℄℄i� there exists an ef-proposition \A 
auses F if %" 2 D su
h that h%; [�℄Si 2 MR[[Holds℄℄(De�nition of 
+F )i� there exists an ef-proposition \A 
auses F if %" 2 D su
h that % holds in Res(�; S)(by Item (I.3) of De�nition 15)i� F 2 E+A (Res(�; S)). Thus (i) is proved.Similarly, we 
an prove (ii). 2Lemma 2.2 For ea
h model M = (�0;�) of a domain des
ription D, an a
tion A, and a situationinterpretation [�℄S,(i) hA; [�℄Si 2MR[[Poss℄℄ i� A is exe
utable in Res(�; S); and(ii) if hA; [�℄Si 2MR[[Poss℄℄ then MR[[do℄℄(A; [�℄S) = [�;A℄S.Proof. Again, sin
e [�℄S is a situation interpretation, we have that � is exe
utable in S. ThusRes(�; S) is de�ned. From the de�nition of Poss, we have that hA; [�℄Si 2MR[[Poss℄℄i� there exists an ex-proposition \exe
utable A if �" 2 D su
h that h�; [�℄Si 2MR[[Holds℄℄i� there exists an ex-proposition \exe
utable A if �" 2 D su
h that � holds in Res(�; S)(by Item (I.3) of De�nition 15)i� A is exe
utable in Res(�; S). (1)The se
ond item follows immediately from (1) and Item (I.5) of De�nition 15. 2Lemma 2.3 For ea
h model M = (�0;�) of a domain des
ription D, MR satis�es the axiom (2.8).Proof. Consider an a
tion A, a situation S, and a positive 
uent literal F . Let MR[[S℄℄ = [�℄S.The axiom (2.8) is true in MR if hA; [�℄Si 62MR[[Poss℄℄. Thus we need to prove that it is also truein MR when hA; [�℄Si 2MR[[Poss℄℄. 38



From hA; [�℄Si 2 MR[[Poss℄℄ and Lemma 2.2, we have that A is exe
utable in Res(�; S). Hen
e,by (I.5) of De�nition 15, MR[[do℄℄(A; [�℄S) = [�;A℄S. (1)We have that MR j= Holds(F; do(A;S))i� hF;MR[[do℄℄(A; [�℄S)i 2MR[[Holds℄℄i� hF; [�;A℄Si 2MR[[Holds℄℄ (be
ause MR[[do℄℄(A; [�℄S) = [�;A℄S, by (1))i� F holds in Res([�;A℄; S) (by Item (I.3) of De�nition 15)i� F 2 Res(A;Res(�; S))i� F 2 E+A (Res(�; S))or F 2 Res(�; S) ^ F 62 E�A (Res(�; S)) (by de�nition of Res)i� hA; [�℄Si 2MR[[
+F ℄℄ (by Lemma 2.1)or (hF; [�℄Si 2MR[[Holds℄℄ ^ hA; [�℄Si 62MR[[
�F ℄℄) (by Lemma 2.1 and (I.3) of De�nition 15)i� MR j= 
+F (A;S) _ (Holds(F;S) ^ :
�F (A;S)) (2)Similarly, we 
an prove (2) for negative 
uent literal. Thus MR satis�es (2.8). 2Lemma 2.4 For ea
h model M = (�0;�) of a domain des
ription D, MR satis�es the axioms(2.10)-(2.12).Proof. Consider a situation S1 su
h that MR j= K(S1;S0).This means that hMR[[S1℄℄;MR[[S0℄℄i 2MR[[K℄℄. Hen
e, by Item (I.4) of De�nition 15 and from thefa
t that MR[[S0℄℄ = [℄�0:1, we 
an 
on
lude that MR[[S1℄℄ = [℄S for some S 2 �0:2. Sin
e M is amodel of D, S is an initial state of D. Therefore, Gi holds in S for every i = 1; : : : ;m. Be
ause[℄ is exe
utable in S, by Item (I.3) of De�nition 15, we 
on
lude that hVmi=1Gi; [℄Si 2MR[[Holds℄℄,i.e., MR j= Vmi=1Holds(Gi;S1). Sin
e this holds for every S1 su
h that MR j= K(S1;S0), we 
an
on
lude that MR satis�es (2.11). (1)Sin
e M is a model of D, we have that �0:1 2 �0:2. Thus, by Item (I.4) of De�nition 15, we havethat MR j= K(S0;S0). Hen
e, MR satis�es (2.12). (2)Sin
e �0:1 is also an initial state of D, from (1) and (2), we 
an 
on
lude that MR satis�es (2.10).(3)The lemma follows from (1)-(3). 2Lemma 2.5 For ea
h model M = (�0;�) of a domain des
ription D, MR satis�es the axiom 2.9.Proof. Consider an a
tion A and a situation S. Let MR[[S℄℄ = [�℄S. Similar to Lemma 2.3, itsuÆ
es to prove that MR satis�es the axiom 2.9 when hA; [�℄Si 2MR[[Poss℄℄. By Lemma 2.2, thisimplies that Res(�; S) is de�ned, A is exe
utable in Res(�; S), andMR[[do℄℄(A; [�℄S) = [�;A℄S. (1)There are two 
ases:� Case 1: MR j= K(S2; do(A;S)) for some situation S2. Let MR[[S2℄℄ = [�2℄S2. We will provethat the following formula is also true in MR:9s1:[(K(s1;S) ^ Poss(A; s1) ^ S2 = do(A; s1))^((^ni=1A 6= Ki) _Wni=1(A = Ki ^Holds(Fi; s1) � Holds(Fi;S))℄ (2.15)MR j= K(S2; do(A;S)) implies that h[�2℄S2;MR[[do℄℄(A; [�℄S)i 2MR[[K℄℄, and hen
e,h[�2℄S2; [�;A℄Si 2MR[[K℄℄. By Item (I.4) of De�nition 15 we have that �2 = �;A, and39



- h[�℄S2; [�℄Si 2MR[[K℄℄; (2)- A is exe
utable in Res(�; S2) and Res(�; S); (3)- A is a non-sensing a
tion or if A is sensing a
tion, say Ki, then Res(�; S2) and Res(�; S)agree on Fi; (4)Let S1 be a situation su
h that MR[[S1℄℄ = [�℄S2. It follows from (3) and Lemma 2.2 thathA; [�℄S2i 2MR[[Poss℄℄. Furthermore, from (3) and (4), we 
an 
on
lude thatMR j= ((^ni=1A 6= Ki)_Wni=1(A = Ki ^Holds(Fi;S2) � Holds(Fi;S)). Together with (2), wehave that S1 satis�es (2.15).� Case 2: Assume that the formula (2.15) is true for some S1 withMR[[S1℄℄ = [�1℄S1. We wantto show that MR j= K(S2; do(A;S)) (2.16)where S2 = do(A;S1). Similar to the above 
ase, from MR j= K(S1;S) andhA; [�1℄S1i 2 MR[[Poss℄℄, we 
an 
on
lude that �1 = �, and A is exe
utable in Res(�; S1).Thus, MR[[do℄℄(A; [�℄S1) = [�;A℄S1. (5)It follows from (2.15) thatMR j= ((^ni=1A 6= Ki)_Wni=1(A = Ki^Holds(Fi;S1) � Holds(Fi;S)). This implies that eitherA is a non-sensing a
tion or A is a sensing a
tion, say Ki, and Res(�;S1) and Res(�;S) agreeon Fi. (6)It follows from (1) and (5)-(6) and (I.4) of De�nition 15 that h[�;A℄S1; [�;A℄Si 2 MR[[K℄℄.This, together with (1) and (5), implies that hMR[[do℄℄(A; [�℄S1);MR[[do℄℄(A; [�℄S)i 2MR[[K℄℄whi
h proves that (2.16) is true in MR.It follows from the above two 
ases that MR satis�es (2.9). 2Lemma 2.6 For ea
h model M = (�0;�) of a domain des
ription D, the M-interpretation ofR(D), MR, is a model of R(D).Proof. It follows from Lemma 2.3-2.5 thatMR satis�es the axioms (2.8)-(2.12). It is easy to seethat the 
losure assumptions and unique name assumptions for 
uents and a
tions are satis�ed byMR too. Thus, MR is a model of R(D). 2Lemma 2.7 For ea
h situation interpretation [�℄S, the following statements are equivalent:(i) h[�℄S; [�℄�0:1i 2MR[[K℄℄; and(ii) � is exe
utable in S and �0:1, and Res(
; S) 2 �̂(
; �0):2 for every pre�x 
 of �.Proof. Indu
tion over j�j.Base 
ase: j�j = 0, i.e., � = [℄. By Item (I.4) of De�nition 15,h[℄S; [℄�0:1i 2 MR[[K℄℄ i� S 2 �0:2 = �̂(�; �0):2. Together with the fa
t that [℄ is exe
utable in Sand �0:1, we 
on
lude the base 
ase.Indu
tive step: Assume that we have proved the lemma for j�j < k. We need to show it forj�j = k. Let � = [�;A℄. Then, j�j < k. We 
onsider two 
ases:40



\(i) ) (ii)": From Item (I.4) of De�nition 15 and (i) for � = [�;A℄, we have that- h[�℄S; [�℄�0:1i 2MR[[K℄℄; (1)- A is exe
utable in Res(�; S) and Res(�; �0:1); and (2)- if A senses Fj then Res(�; S) and Res(�; �0:1) agree on Fj . (3)By indu
tive hypothesis, from (1), we 
on
lude that � is exe
utable in S and �0:1, andRes(
; S) 2 �̂(
; �0):2 for every pre�x 
 of �. (4)From (2) and the fa
t that � is exe
utable in S and �0:1, we have that [�;A℄ is exe
utable inS and �0:1. (5)From (3) and the fa
t that Res(�; S) 2 �̂(�; �0):2, we 
on
lude thatRes([�;A℄; S) 2 �̂([�;A℄; �0):2. (6)The indu
tive step for this dire
tion follows from (4)-(6).\(ii) ) (i)": � is exe
utable in S and �0:1 implies that � is exe
utable in S and �0:1.Furthermore, every pre�x of � is a pre�x of �. Hen
e, by indu
tive hypothesis, we have thath[�℄S; [�℄�0:1i 2MR[[K℄℄. (7)� is exe
utable in S and �0:1 also implies that A is exe
utable in Res(�; S) and Res(�; �0:1).(8)Res(�; S) 2 �̂(�; �0):2 and Res([�;A℄; S) 2 �̂([�;A℄; �0):2 implies that if A is a sensinga
tion, say Ki, then Res(�; S) and Res(�; �0:1) must agree on Fi. (9)It follows from (7)-(9) and Item (I.4) of De�nition 15 that h[�;A℄s; [�;A℄�0 :1i 2MR[[K℄℄. This
on
ludes the indu
tive step for this dire
tion.The indu
tive step is proved. Hen
e, by mathemati
al indu
tion, we 
on
lude the lemma. 2Lemma 2.8 For every state S and a
tion sequen
e �, � is exe
utable in S i� h�; [℄Si 2MR[[Poss℄℄.Proof. By indu
tion over j�j.Base 
ase: � = [℄. The lemma is trivial be
ause [℄ is exe
utable in every state S andh[℄; [℄Si 2MR[[Poss℄℄ for every state S.Indu
tive step: Assume that we have proved the lemma for j�j < k. We need to show it forj�j = k. Let � = [�;A℄. We have that j�j < k and�;A is exe
utable in Si� � is exe
utable in S and A is exe
utable in Res(�; S)i� h�; [℄Si 2MR[[Poss℄℄ (by indu
tive hypothesis)and hA;MR[[do℄℄(�; [℄S)i 2MR[[Poss℄℄ (by Lemma 2.2)i� h[�;A℄; [℄Si 2MR[[Poss℄℄. 2Lemma 2.9 Let D be a domain des
ription and M = (�0;�) be a model of D. Then, thereexists a model MR of R(D) su
h that for any 
uent formula ' and sequen
e of a
tions � of D, � isexe
utable in �0 and ' is known to be true in �̂(�; �0) i� MR j= Knows('; do(�;S0))^Poss(�;S0).41



Proof. Let MR be the M-interpretation of R(D). By Lemma 2.6 we have that MR is a model ofR(D). We will prove that MR satis�es the 
on
lusion of the lemma.We have that� � is exe
utable in �0i� � is exe
utable in �0:1i� h�; [℄�0:1i 2MR[[Poss℄℄ (by Lemma 2.8)i� MR j= Poss(�;S0). (1)� ' is known to be true in �̂(�; �0)i� for every S 2 �̂(�; �0):2, ' holds in S (by de�nition)i� for every S 2 �0:2 su
h that� is exe
utable in S and Res(
; S) 2 �̂(
; �0):2 for every pre�x 
 of �, ' holds in Res(�; S)i� for every [�℄S su
h that h[�℄S; [�℄�0:1i 2MR[[K℄℄ (by Lemma 2.7)and h'; [�℄Si 2MR[[Holds℄℄ (by Item (I.3) of De�nition 15)i� MR j= Knows('; do(�;S0)) (by de�nition of Knows)(2)The lemma follows from (1) and (2). 2We now prove the 
ounterpart of Lemma 2.9. Let D be a domain des
ription and MR be amodel of R(D). Sin
e R(D) 
ontains the DCA and UNA axioms for a
tions and 
uents we 
anassume that the domains of a
tions and 
uents are A and F respe
tively, i.e., jMRja
tion = A andjMRjfluent = F. In what follows, whenever we say a situation S we mean a ground situation term.We de�neDe�nition 16 Let D be a domain des
ription and MR be a model of R(D). For ea
h groundsituation term s in MR, let s� = fF j Holds(F; s) is true in MR; F is a positive 
uent literalg9.The MR-initial 
-state of D, denoted by ��0, is de�ned as follows.(M.1) ��0 :1 = S�0;(M.2) ��0 :2 = fs� j K(s;S0) is true in MRg.We 
all M = (��0 ;�), where ��0 is the MR-initial 
-state and � is the transition fun
tion of D(de�ned in De�nition 2), the MR-based model of D.Lemma 2.10 For a domain des
ription D and a model MR of R(D), the MR-based model of D.is a model of D.Proof. Consider an arbitrary v-proposition \ initially Gi" of D. There are two 
ases:� Gi is a positive literal. Sin
e MR is a model of R(D), from (2.10) we have that Holds(Gi;S0) istrue in MR. By (M.1) of De�nition 16, we have that Gi 2 ��0:1, i.e., Gi holds in ��0 :1. (1)� Gi is a negative literal, say Gi = :G. Again, sin
e MR is a model of R(D), from (2.10) we havethat Holds(:G;S0) is true inMR, or Holds(G;S0) is false inMR. Thus, by (M.1) of De�nition 16,we have that G 62 ��0 :1, i.e., Gi holds in ��0:1. (2)It follows from (1) and (2) that ��0:1 is an initial state of D. (3)9Re
all that Holds(:F; s) stands for :Holds(F; s) 42



Consider S 2 ��0 :2. By (M.2) of De�nition 16, we 
on
lude that there exists S su
h that S = S�and K(S;S0) is true in MR. Hen
e, by axiom (2.11), Vmi=1Holds(Gi;S) is true in MR. Similar to(1) and (2) we 
an prove that S is an initial state of D. (4)From (3) and (4) we have that ��0 is an initial 
-state. Furthermore, axiom (2.12) and (M.2) ofDe�nition 16 indi
ate that ��0 :1 2 ��0:2, i.e., ��0 is a grounded initial 
-state. Sin
e � is the transitionfun
tion of D and ��0 is an initial ground 
-state, M = (��0 ;�) is a model of D. 2The next 
orollary follows immediately from De�nition 16.Corollary 1 For ea
h model MR of R(D), a 
uent formula ', and a situation S,Holds(';S) holds in MR i� ' holds in S� 2Lemma 2.11 For ea
h model MR of R(D), a 
uent F , a situation S, and an a
tion A(i) 
+F (A;S) is true in MR i� F 2 E+A (S�); and(ii) 
�F (A;S) is true in MR i� F 2 E�A (S�).Proof. We have that
+F (A;S) is true in MRi� W\A 
auses F if %002DHolds(%;S) is true in MR (De�nition of 
+F (A;S))i� there exists an ef-proposition \A 
auses F if %" 2 D s.t. % holds in S� (by Corollary 1)i� F 2 E+A (S�). Thus (i) is proved.Similarly, we 
an prove (ii). 2Lemma 2.12 For ea
h model MR of R(D), a situation S, and an a
tion A,(i) Poss(A;S) is true in MR i� A is exe
utable in S�; and(ii) if Poss(A;S) is true in MR then (S0)� = Res(A;S�) where S0 = do(A;S).Proof. Poss(A;S) is true in MRi� there exists an ex-proposition \exe
utable A if �" 2 D s.t. Holds(�;S) is true in MRi� there exists an ex-proposition \exe
utable A if �" 2 D s.t. � holds in S�i� A is exe
utable in S�. (1)We have that if Poss(A;S) is true in MR then, for a 
uent F ,F 2 (S0)�i� Holds(F; do(A;S)) is true in MRi� 
+F (A;S) _ (Holds(F;S) ^ :
�F (A;S)) is true in MR (by Axiom (2.8))i� F 2 E+A (S�) or (F 2 S� and F 62 E�A (S�)) (by Lemma 2.11)F 2 Res(A;S�). (2)The lemma follows from (1) and (2). 2Lemma 2.13 For ea
h model MR of R(D), a situation S, and a sequen
e of a
tions �:(i) Poss(�;S) is true in MR i� � is exe
utable in S�; and(ii) if Poss(�;S) is true in MR then [do(�;S)℄� = Res(�;S�).43



Proof. By indu
tion over j�j.Base 
ase: j�j = 0. (i) is trivial be
ause Poss([℄;S) is true (by de�nition) and [℄ is exe
utable inevery state. (ii) follows immediately from (M.1) of De�nition 16. The 
ase j�j = 1 is proven byLemma 2.12.Indu
tive step: Assume that we have proved the lemma for j�j < k. We need to show it forj�j = k. Let � = [�;A℄. We have that j�j < k. We have thatPoss(�;S) is true in MRi� Poss(�;S) is true in MR and Poss(A; do(�;S)) is true in MR (by De�nition)i� Poss(�;S) is true in MR andthere exists an ex-proposition \ exe
utable A if �" 2 D s.t. Holds(�; do(�;S)) is true in MRi� � is exe
utable in S� (by indu
tive hypothesis, Item (i))and there exists an ex-proposition \ exe
utable A if �" 2 D su
h that � holds in Res(�;S�)(by indu
tive hypothesis, Item (ii))[�;A℄ is exe
utable in S�. (1)Let S0 = do(�;S). By Lemma 2.12, we have that [do(A;S0)℄� = Res(A; (S0)�). By indu
tive hypoth-esis, we have that (S0)� = Res(�;S�). Hen
e, [do([�;A℄;S)℄� = [do(A; do(�;S))℄� = Res(A; (S0)�) =Res(A;Res(�;S�)) = Res([�;A℄;S�). (2)The indu
tive step follows from (1) and (2). 2Lemma 2.14 Let D be a domain des
ription and MR be a model of R(D). Then, there existsa model (�0;�) of D su
h that for any 
uent formula ' and sequen
e of a
tions � of D, MR j=Knows('; do(�;S0)) ^ Poss(�;S0) i� � is exe
utable in �0 and ' is known to be true in �̂(�; �0).Proof. We will prove that the MR-based model of D, M = (��0 ;�), satis�es the 
on
lusion of thelemma. By Lemma 2.10, M is a model of D. By Lemma 2.13, we have thatPoss(�;S0) is true in MR i� � is exe
utable in (S0)� = ��0 :1 i� � is exe
utable in ��0. (1)We now prove by indu
tion over the length of � that M satis�es the lemma and the followingproperties.(i) K(s; do(�;S0)) is true in MR i� s� 2 �̂(�; ��0):2.Base 
ase: j�j = 0. The 
on
lusion of the lemma is trivial be
ause of the de�nition of M . (i) isequivalent to K(s;S0) is true in MR i� s� 2 ��0:2whi
h follows immediately from Item (M.2) of De�nition 16 and the fa
t that K(S0;S0) is true inMR. This proves the base 
ase.Indu
tive step: Assume that we have proved the lemma for j�j < l. We need to prove it forj�j = l. Let � = [�;A℄.It follows from the 
onstru
tion of R(D) thatK(s; do([�;A℄;S0)) is true in MRi� 9s1:[(K(s1; do(�;S0)) ^ Poss(A; s1) ^ s = do(A; s1)and (Vnj=1(A 6= Kj) ^Wnj=1(A = Kj^(Holds(Fj ; s1) � Holds(Fj ; do(�;S0)))))℄ is true in MR (by (2.9))44



i� s�1 2 �̂(�; ��0):2 (by indu
tive hypothesis)and s� = Res(A; s�1) (by s = do(A; s1) and (M.1) of De�nition 16)and if Al = Kj then Fj 2 s�1 i� Fj 2 �̂(�; ��0):1i� s� 2 �̂(�; ��0):2 (2)Consider a 
uent formula ', we have thatMR j= Knows('; do(�;S0)) ^ Poss(�;S0)i� Poss(�;S0) is true in MR and 8s:[K(s; do(�;S0)) � Holds(F; s)℄ is true in MRi� � is exe
utable in ��0 and 8s� 2 �̂(�; ��0):2; ' holds in s� (by (1) and (i))i� � is exe
utable in ��0 and ' is known to be true in �̂(�; ��0). (3)(2)-(3) prove the indu
tive step for (i) and the lemma's 
on
lusion. The lemma is proved. 2We now prove Proposition 2.Proposition 2 Let D be a domain des
ription, ' be a 
uent formula, and � be a sequen
e ofa
tions of D. Then,D j=AK Knows ' after � i� R(D) j= Knows('; do(�;S0)) ^ Poss(�;S0):Proof.1. Assume that D j=AK Knows ' after �. We will prove that R(D) j= Knows('; do(�;S0))^Poss(�;S0). Assume the 
ontrary, R(D) 6j= Knows('; do(�;S0))^Poss(�;S0). By de�nition,there exists a modelMR of R(D) su
h thatMR 6j= Knows('; do(�;S0)) orMR 6j= Poss(�;S0).Then, by Lemma 2.14, there exists a model M of D su
h that M 6j= Knows ' after �.This implies that D 6j=AK Knows ' after � whi
h 
ontradi
ts with the assumption thatD j=AK Knows ' after �. Hen
e, our assumption is in
orre
t, i.e., we have proved thatR(D) j= Knows('; do(�;S0)) ^ Poss(�;S0). Therefore, we 
an 
on
lude thatif D j=AK Knows ' after � then R(D) j= Knows('; do(�;S0)) ^ Poss(�;S0): (1)2. Assume that R(D) j= Knows('; do(�;S0)) ^ Poss(�;S0). We will prove that D j=AKKnows ' after �. Assume the 
ontrary, D 6j=AK Knows ' after �. This means thatthere exists a model M of D su
h that M 6j= Knows ' after �. Then, by Lemma 2.9, thereexists a modelMR of R(D) su
h that MR 6j= Knows('; do(�;S0))^Poss(�;S0). This impliesthat R(D) 6j= Knows('; do(�;S0)) ^ Poss(�;S0) whi
h 
ontradi
ts our assumption. Hen
e,we have that D j=AK Knows ' after �. So,if R(D) j= Knows('; do(�;S0)) ^ Poss(�;S0) then D j=AK Knows ' after �: (2)From (1) and (2), we 
an 
on
lude thatD j=AK Knows ' after � i� R(D) j= Knows(F; do(�;S0)) ^ Poss(�;S0). 2We will now extend the Lemmas 2.9 and 2.14 to 
onditional plans. We need the following notationand lemmas.Let 
 be a 
onditional plan, we de�ne the number of 
ase plans of 
, denoted by 
ount(
), indu
tivelyas follows.1. If 
 = [℄, then 
ount(
) = 0. 45



2. If 
 = a, a is an a
tion, then 
ount(
) = 03. If 
1 and 
2 are 
onditional plans, then 
ase(
1; 
2) = 
ount(
1) + 
ount(
2)4. If 
 is a 
ase plan of the formCase'1 ! 
1. . .'n ! 
nEnd
asethen 
ount(
) = 1 + �ni=1
ount(
i).It follows dire
tly from the de�nition of BApply the following lemma.Lemma 2.15 Let s; s0 be situations and 
 be a 
onditional plan. The following formulas are entailedby BApply:(i) Apply([℄; s; s0) � s = s0;(ii) Apply([
ase([℄)j
℄; s; s0) � s0 =?; and(iii) Apply(
;?; s0) � s0 =?.Proof. Assume that (i) is not entailed by BApply. Then, there exists a model M of BApply su
hthat Apply([℄; s; s0) is true in M but s 6= s0. It is easy to see that M nApply([℄; s; s0) is also model ofBApply. This violates the minimality of M . Thus, (i) is true in every model of BApply. Similarly,we 
an prove (ii) and (iii). 2Lemma 2.16 Let s; s0; s00 be situations, a be an a
tion, ' be a 
uent formula, � be a sequen
e ofa
tions, and 
; 
0; 
00 be 
onditional plans. The following formulas are entailed by BApply:(i) Apply([aj�℄; s; s0) ^ s 6=?� ((Poss(a; s) � Apply(�; do(a; s); s0)) ^ (:Poss(a; s) � s0 =?));(ii) Apply([
ase([('; 
)jr0℄)j
00℄; s; s0) ^ s 6=?�((knows('; s) � 9s00:Apply(
; s; s00) ^Apply(
00; s00; s0)) ^(:knows('; s) � Apply([
ase(r0)j
00℄; s; s0))); and(iii) Apply(
; s; s0) ^Apply(
; s; s00) � s0 = s00.Proof. Assume that (i) is not entailed by BApply. It means that there exists a modelM of BApply,an a
tion a, a sequen
e of a
tions �, and two situations s and s0 su
h that Apply([aj�℄; s; s0)^ s 6=?is true in M and (Poss(a; s) � Apply([aj�℄; do(a; s); s0)) ^ (:Poss(a; s) � s0 =?) is not true inM . By de�nition of BApply, the model M 0 = M n fApply([aj�℄; s; s0)g is a model of BApply. This
ontradi
ts the assumption that M is a minimal model of BApply. Hen
e, our assumption that (i)is not true in M is in
orre
t, i.e., we have proved that (i) is a valid senten
e of BApply.Similarly, we 
an prove Item (ii). The proof of Item (iii) is based on indu
tion over 
ount(
) andis omitted here. 246



Lemma 2.17 Let 
1; : : : ; 
n be n arbitrary 
onditional plans, (n � 1). Then, the following formulais entailed by BApply:Apply([
1; : : : ; 
n℄; s1; sn+1) � 9(s2; : : : ; sn):[Apply(
1; s1; s2) ^ : : : ^Apply(
n; sn; sn+1)℄.Proof. We prove the lemma by indu
tion over n.Base 
ase: n = 1. Then, we have that the right hand side is 9s2:Apply(
1; s1; s2) and the lefthand side is Apply(
1; s1; s2). It follows from Item (iii) of Lemma 2.16 that Apply(
1; s1; s2) �9(s2):Apply(
1; s1; s2). This proves the base 
ase.Indu
tive step: Assume that we have proved the lemma for n. We need to prove it for n + 1.Sin
e 
n and 
n+1 are 
onditional plans, by de�nition, we have that 
 = 
n; 
n+1 is a 
onditionalplan. Hen
e, by indu
tive hypothesis for n plans 
1; : : : ; 
n�1; 
, we have thatApply([
1; : : : ; 
n�1; 
℄; s1; sn+2) � 9(s2; : : : ; sn):[Apply(
1; s1; s2) ^ : : : ^Apply(
; sn; sn+2)℄. (1)By indu
tive hypothesis for 2 plans 
n and 
n+1, we have thatApply(
; sn; sn+2) � 9(sn+1):[Apply(
n; sn; sn+1) ^Apply(
n+1; sn+1; sn+2)℄. (2)The indu
tive step follows from (1) and (2). I.e., the lemma is proved. 2Lemma 2.18 Let 
 be a 
ase plan of the formCase'1 ! p1...'l ! plEnd
aseand s 6=?. Then, the following formula is entailed by BApply:Knows('j ; s) ^Apply(
; s; s0) � Knows('j ; s) ^Apply(pj; s; s0).Proof. Let M be a model of BApply. Obviously, if Knows('j ; s) is false in M for 1 � j � l,the formula is true in M . So, we need to prove it for the 
ase there exists some j, 1 � j � l,Knows('j ; s) is true in M . We 
onsider two 
ases:(a) Left to Right: Assume that Knows('j ; s) ^ Apply(
; s; s0) is true in M . Then, sin
e 'j 'sare mutual ex
lusive, we 
an 
on
lude that :Knows('i; s) is true in M , for i 6= j; 1 � i � l.Hen
e, by Item (ii) of Lemma 2.16 (for 
00 = [℄; ' = 'j ; 
 = pj) we have that9s00:Apply(pj; s; s00) ^Apply([℄; s00; s0) is true in M . (1)From Item (i) of Lemma 2.15, we have that s00 = s0. Hen
e, (1) is equivalent to,Apply(pj; s; s0) is true in M . (2)It follows from the assumption that Knows('j ; s) is true in M and (2) that Knows('j ; s) ^Apply(pj; s; s0) is true in M , whi
h proves (a).
47



(b) Right to Left: Assume that Knows('j ; s)^Apply(pj ; s; s0) holds inM . Similar argument asabove 
on
ludes that :Knows('i; s) is true inM , for i 6= j; 1 � i � l. Hen
e, by de�nition ofApply (
ase 6, for 
00 = [℄, r0 is the sequen
e [('1; p1); : : : ; ('j�1; pj�1); ('j+1; pj+1); : : : ; ('l; pl)℄),we have thatKnows('j ; s) ^Apply(pj; s; s0) ^Apply([℄; s0; s00) � Apply([
ase([('j ; pj)jr0℄; s; s00) holds in M .Furthermore, from (i) of Lemma 2.15, we have that s00 = s0. Hen
e, we 
on
lude thatApply(
; s; s0) ^Knows('j; s) holds in M . This proves (b).The lemma follows from (a) and (b). 2Lemma 2.19 Assume that 
 = 
1; : : : ; 
n is a 
onditional plan where 
1; : : : ; 
n is a sequen
e of
onditional plans satisfying the 
onditions of Observation 3.1. Let 
1 be a 
ase plan of the formCase'1 ! p1...'l ! plEnd
aseand s be a situation term. Let M be a model of BApply su
h that M j= Knows('j ; s) for some j,1 � j � l. Then, M [BApply j= Apply(
; s; s0) � Apply(
0; s; s0) where 
0 = pj; 
2; : : : ; 
n.Proof. By Lemma 2.17, there exists s1; : : : ; sn�1 su
h thatApply(
; s; s0) � Apply(
1; s; s1) ^ : : : ^Apply(
n; sn�1; s0) is true in M [BApply (1)Sin
e M j= Knows('j ; s), by Lemma 2.18 and from (1), we have thatKnows('j ; s) ^Apply(
1; s; s1) � Knows('j ; s) ^Apply(pj; s; s1) is true in M [BApply (2)It follows from (1) and (2) thatM [ BApply j= Knows('j ; s) ^ Apply(
; s; s0) � Knows('j ; s) ^ Apply(pj; s; s1) ^ Apply(
2; s1; s3) ^: : : ^Apply(
n; sn�1; s0)whi
h implies thatM [BApply j= Apply(
; s; s0) � Apply(
0; s; s0) (By Lemma 2.17) (3)The lemma follows from (3). 2Lemma 2.20 Assume that 
 = 
1; : : : ; 
n is a 
onditional plan where 
1; : : : ; 
n is a sequen
e of
onditional plans satisfying the 
onditions of Observation 3.1. Let 
1 be a sequen
e of a
tions and
2 be a 
ase plan of the formCase'1 ! p1...'l ! plEnd
aseand s be a situation term. Let M be a model of BApply su
h that M j= Knows('j ; do(
1; s)) forsome j, 1 � j � l. Then, M [BApply j= Apply(
; s; s0) � Apply(
0; s; s0) where 
0 = 
1; pj ; : : : ; 
n.48



Proof. Sin
e M j= Knows('j ; do(
1; s)), we 
on
lude that Poss(
1; s) is true in M . By Lemma2.17, there exists s1; : : : ; sn�1 su
h that Apply(
; s; s0) � Apply(
1; s; s1) ^ : : : ^ Apply(
n; sn�1; s0)holds in M [BApply (1)Sin
e 
1 is a sequen
e of a
tions, we have that s1 = do(
1; s). Therefore, fromM j= Knows('j; do(
1; s)),s1 = do(
1; s), and by Lemma 2.18, we have thatM [BApply j= Apply(
2; s1; s2) � Apply(pj; s1; s2). (2)It follows from (1) and (2) thatM[BApply j= Apply(
; s; s0) � Apply(
1; s; s1)^Apply(pj; s1; s2)^Apply(
3; s2; s3)^: : :^Apply(
n; sn�1; s0)whi
h implies thatM [BApply j= Apply(
; s; s0) � Apply(
0; s; s0) (By Lemma 2.17) (3)The lemma follows from (3). 2Lemma 2.21 Let D be a domain des
ription and M = (�0;�) be a model of D. Then, there existsa model MR of R(D) su
h that for any 
uent formula ' and 
onditional plan 
,� 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0) i�MR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?;� �̂(
; �0) =? i� MR [BApply j= Apply(
;S0;?).Proof. From the observation 3.1, we 
an assume that 
 = 
1; : : : ; 
n where 
i is a sequen
e ofa
tions or a 
ase plan and for every i, 1 � i � n � 1, if 
i is a sequen
e of a
tions then 
i+1 is a
ase plan.Let MR be the M -interpretation of D. By Lemma 2.2, MR is model of R(D). We will prove byindu
tion over 
ount(
) that MR satis�es the lemma.Base 
ase: 
ount(
) = 0. Using Items (i) and (iii) of Lemma 2.16, we 
an prove thatMR [BApply j= Apply(
;S0; s) � (Poss(
;S0) � s = do(
;S0)) ^ (:Poss(
;S0) � s =?). (1)By Lemma 2.9, we have that 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0) i�MR j= Knows('; do(
;S0)) ^ Poss(
;S0). (2)It follows from (1) and (2) that 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0) i�MR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?. (3)(3) proves the �rst item of the lemma. To 
omplete the base 
ase, we need to prove the se
onditem. Sin
e 
 is a sequen
e of a
tions, we have that �̂(
; �0) =?i� 
 is not exe
utable in �0i� MR j= :Poss(
;S0) (Lemma 2.9)i� MR [BApply j= Apply(
;S0;?) (by (1)).So, the se
ond item of the lemma is proved. The base 
ase is proved.Indu
tive step: Assume that we have proved the lemma for 
ount(
) � k. We need to prove thelemma for 
ount(
) = k + 1.Case 1: 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0). We will show thatKnows('; s) ^Apply(
;S0; s) ^ s 6=? is true in MR [BApply.We 
onsider two 
ases: 49



Case 1.1: 
1 is a 
ase plan. Assume that 
1 is the following 
ase planCase'1 ! p1...'l ! plEnd
aseSin
e 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0) we have that ?6= �̂(
; �0).It implies that there exists j, 1 � j � l, su
h that 'j is known to be true in �0. (4)Let 
0 = pj; 
2; : : : ; 
n. Then, by de�nition of �̂ and from (4) we have that �̂(
; �0) =�̂(
0; �0). Hen
e, ' is known to be true in �̂(
0; �0). Sin
e 
ount(
0) � 
ount(
) � 1, wehave that 
ount(
0) � k. Thus, by indu
tive hypothesis, we 
an 
on
lude thatKnows('; s) ^Apply(
0;S0; s) ^ s 6=? is true in MR [BApply. (5)It follows from Lemma 2.19 that MR [BApply j= Apply(
;S0; s) � Apply(
0;S0; s). (6)From (5) and (6) we have that MR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?.Case 1.2: 
1 is a sequen
e of a
tions. Then, 
2 is a 
ase plan. Let us assume that 
2 isthe 
ase plan.Case'1 ! p1...'l ! plEnd
aseSin
e 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0) we have that ?6= �̂(
; �0).This implies that there exists j, 1 � j � l, su
h that 'j is known to be true in �̂(
1; �0).(7)Let 
0 = 
1; pj; 
3; : : : ; 
n. From (7) and the de�nition of �̂, we have that �̂(
; �0) =�̂(
0; �0). This implies that ' is known to be true in �̂(
0; �0). (8)Sin
e 
ount(
0) � 
ount(
)�1, we have that 
ount(
0) � k. Thus, by indu
tive hypothesisand (8), we 
on
lude thatMR [BApply j= Knows('; s) ^Apply(
0;S0; s) ^ s 6=?. (9)From Lemma 2.20, we have thatMR [BApply j= Apply(
;S0; s) � Apply(
0;S0; s). (10)(9) and (10) prove that MR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?.The above two 
ases prove that if 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0)then MR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?.Case 2: MR [ BApply j= Knows('; s) ^ Apply(
;S0; s) ^ s 6=?. We will prove that 
 isexe
utable in �0 and ' is known to be true in �̂(
; �0). We 
onsider two 
ases:50



Case 2.1: 
1 is a 
ase plan. Assume that 
1 is the following 
ase planCase'1 ! p1...'l ! plEnd
aseSin
e MR [ BApply j= Apply(
;S0; s) ^ s 6=?, by Items (ii) of Lemma 2.16, we 
on
ludethat there exists j, 1 � j � l, su
h that MR j= Knows('j ;S0). (11)Let 
0 = pj; 
2; : : : ; 
n. By Lemma 2.19 we have that MR [ BApply j= Apply(
;S0; s) �Apply(
0;S0; s). This implies thatMR [BApply j= Knows('; s) ^Apply(
0;S0; s) ^ s 6=?. (12)Furthermore, from the de�nition of MR and (11), we have that 'j is known to be truein �0. This implies that�̂(
; �0) = �̂(
0; �0). (13)Sin
e 
ount(
0) � 
ount(
)�1, we have that 
ount(
0) � k. Thus, by indu
tive hypothesisand (12), we 
an 
on
lude that
 is exe
utable in �0 and ' is known to be true in �̂(
0; �0), and from (13), we have that
 is exe
utable in �0 and ' is known to be true in �̂(
; �0).Case 2.2: 
1 is a sequen
e of a
tions. Then, 
2 is a 
ase plan. Let us assume that 
2 isthe 
ase plan.Case'1 ! p1...'l ! plEnd
aseSimilar to Case 2.1, we 
on
lude that there exists j, 1 � j � l, su
h thatMR [BApply j= Knows('j ; s0) ^Apply(
1;S0; s0) ^ s0 6=?. (14)Let 
0 = 
1; pj ; 
3 : : : ; 
n. From (14) and Lemma 2.20, we have that MR [ BApply j=Apply(
;S0; s) � Apply(
0;S0; s). (15)By indu
tive hypothesis, we have that 
0 is exe
utable in �0 and 'j is known to be truein �̂(
1; �0). Hen
e,�̂(
; �0) = �̂(
0; �0). (16)Sin
e 
ount(
0) � 
ount(
)� 1, we have that 
ount(
0) � k. Thus, by indu
tive hypoth-esis, we 
an 
on
lude that' is known to be true in �̂(
0; �0). This, together with (16), proves that 
 is exe
utablein �0 and ' is known to be true in �̂(
; �0).The two 
ases 2.1 and 2.2 prove that if MR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?then 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0).51



The two 
ases 1 and 2 prove that 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0) i�MR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?. (17)The proof of the indu
tive step for the last item of the lemma, �̂(
; �0) =? i� Apply(
;S0;?) istrue in MR [ BApply has also four 
ases similar to the 
ases (1.1)-(1.2) and (2.1)-(2.2). We willshow next the �rst 
ase. The other 
ases are similar and are omitted here.Assume that �̂(
; �0) =? where 
 = 
1; : : : ; 
n and 
1 is the following 
ase planCase'1 ! p1...'l ! plEnd
aseWe will show that Apply(
;S0;?) is true in MR [BApply. We 
onsider two 
ases:1. there exists no j su
h that 'j is known to be true in �0. By Lemma 2.9, we have that:Knows('j ;S0) is true in MR for 1 � j � l. Applies the last de�nition of Apply l times, wehave thatApply(
;S0;S0) � Apply([
ase([℄)j
0℄;S0;S0) is true in BApply where 
0 = 
2; : : : ; 
n. By thethird item in the de�nition, we 
an then 
on
lude that Apply(
;S0;S0) � Apply(
;S0;?) istrue in MR [BApply, i.e., the indu
tive step is proved.2. there exists some j su
h that 'j is known to be true in �0. Again, by Lemma 2.9, we havethat Knows('j ;S0) is true in MR and Knows('i;S0) is false in MR for 1 � i 6= j � l. Then,by Lemma 2.19, we have thatMR [BApply j= Apply(
;S0; s) � Apply(
0;S0; s).where 
0 = pj; 
2; : : : ; 
n. This, together with the fa
t that �̂(
; �0) = �̂(
0; �0) =? and theindu
tive hypothesis implies that Apply(
;S0;?) is true in MR [BApplyThe above two 
ases prove the indu
tive step for the se
ond item of the lemma. (18)The lemma follows from (17) and (18). 2Lemma 2.22 Let D be a domain des
ription and MR be a model of R(D). Then, there exists amodel M = (�0;�) of D su
h that for any 
uent formula ' and any 
onditional plan 
,� MR [BApply j= Knows('; s)^Apply(
;S0; s))^ s 6=? i� 
 is exe
utable in �0 and ' is knownto be true in �̂(
; �0) ;� �̂(
; �0) =? i� MR [BApply j= Apply(
;S0;?).Proof. From the observation 3.1, we 
an assume that 
 = 
1; : : : ; 
n where 
i is a sequen
e ofa
tions or a 
ase plan and for every i, 1 � i � n � 1, if 
i is a sequen
e of a
tions then 
i+1 is a
ase plan.Let M = (�0;�) be the MR-based model of D. By Lemma 2.10, M is a model of D. We will proveby indu
tion over the number of 
ase plan in 
, 
ount(
), that M satis�es the lemma.52



Base 
ase: 
ount(
) = 0. Using Item (i) of the Lemma 2.16, we 
an prove thatMR [BApply j= Apply(
;S0; s) � (Poss(
;S0) � s = do(
;S0)) ^ (:Poss(
;S0) � s =?). (1)By Lemma 2.14, we have thatMR j= Knows('; do(
;S0)) ^ Poss(
;S0) i� 
 is exe
utable in �0 and ' is known to be true in�̂(
; �0). This, together with (1), proves thatMR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=? i� 
 is exe
utable in �0 and ' is known to betrue in �̂(
; �0). (2)Furthermore, sin
e 
 is a sequen
e of a
tions, from (1),MR[BApply j= Apply(
;S0;?) i� :Poss(
;S0)is true inMR. Again, by Lemma 2.14, this is equivalent to 
 is not exe
utable in �0. The base 
asefor the third item of the lemma is proved. (3)The base 
ase of the lemma follows from (2)-(3).Indu
tive step: Assume that we have proved the lemma for 
ount(
) � k. We need to prove thelemma for 
ount(
) = k + 1.Case 1: 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0). We will show thatMR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?. We 
onsider two 
ases:Case 1.1: 
1 is a 
ase plan. Assume that 
1 is the following 
ase planCase'1 ! p1...'l ! plEnd
aseSin
e 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0) we have that ?6= �̂(
; �0).This implies that there exists j, 1 � j � l, su
h that 'j is known to be true in �0. (4)Let 
0 = pj; 
2; : : : ; 
n. Then, by de�nition of �̂ and from (4) we have that �̂(
; �0) =�̂(
0; �0). This implies that' is known to be true in �̂(
0; �0). (5)From(4) and Lemma 2.19, we have thatMR [BApply j= Apply(
;S0; s) � Apply(
0;S0; s). (6)Sin
e 
ount(
0) � 
ount(
)�1, we have that 
ount(
0) � k. Thus, by indu
tive hypothesisand (5), we 
an 
on
lude thatMR [ BApply j= Knows('; s) ^ Apply(
0;S0; s) ^ s 6=?. This, together with (6), provesthat MR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?.Case 1.2: 
1 is a sequen
e of a
tions. Then, 
2 is a 
ase plan. Again, let us assumethat 
2 is the 
ase plan.Case'1 ! p1... 53



'l ! plEnd
aseSin
e 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0) we have that ?6= �̂(
; �0).It implies that there exists j, 1 � j � l, su
h that 'j is known to be true in �̂(
1; �0).(7)Let 
0 = 
1; pj; 
3; : : : ; 
n. From (7), we have that �̂(
; �0) = �̂(
0; �0). (8)It follows from (8) and Lemma 2.20 thatMR [BApply j= Apply(
;S0; s) � Apply(
0;S0; s). (9)Sin
e 
ount(
0) � 
ount(
)�1, we have that 
ount(
0) � k. Thus, by indu
tive hypothesisand (8), we 
an 
on
lude thatMR [ BApply j= Knows('; s) ^ Apply(
0;S0; s) ^ s 6=?. This, together with (9), provesthat MR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?.From the two 
ases 1.1 and 1.2, we 
an 
on
lude that if 
 is exe
utable in �0 and ' is knownto be true in �̂(
; �0) then MR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?.Case 2: MR [ BApply j= Knows('; s) ^ Apply(
;S0; s) ^ s 6=?. We will prove that 
 isexe
utable in �0 and ' is known to be true in �̂(
; �0). We 
onsider two 
ases:Case 2.1: 
1 is a 
ase plan. Assume that 
1 is the following 
ase planCase'1 ! p1...'l ! plEnd
aseSin
e MR [ BApply j= Knows('; s) ^ Apply(
;S0; s) ^ s 6=?, using of Lemma (2.16), we
an 
on
lude that there exists j, 1 � j � l, su
h that MR j= Knows('j;S0). (10)Let 
0 = pj; 
2; : : : ; 
n. Then, by Lemma 2.19 and (10), we 
on
lude thatMR [ BApply j= Apply(
;S0; s) � Apply(
0;S0; s). Together with the assumption thatMR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?, we have thatMR [BApply j= Knows('; s) ^Apply(
0;S0; s) ^ s 6=?. (11)Furthermore, from the de�nition of M and (10), we have that 'j is known to be true in�0. This implies that�̂(
; �0) = �̂(
0; �0). (12)Sin
e 
ount(
0) � 
ount(
)�1, we have that 
ount(
0) � k. Thus, by indu
tive hypothesisand (11), we 
an 
on
lude that
0 is exe
utable in �0 and ' is known to be true in �̂(
0; �0), and from (12), we 
an
on
lude that 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0).54



Case 2.2: 
1 is a sequen
e of a
tions. Then, 
2 is a 
ase plan. Again, let us assumethat 
2 is the 
ase plan.Case'1 ! p1...'l ! plEnd
aseSimilar to Case 2.1, we 
on
lude that there exists j, 1 � j � l, su
h that MR[BApply j=Knows('j ; s0) ^Apply(
1;S0; s0). (13)Let 
0 = 
1; pj; 
3; : : : ; 
n. From (13) and Lemmas 2.20, we have that MR [ BApply j=Apply(
;S0; s) � Apply(
0;S0; s). Hen
eMR [BApply j= Knows('; s) ^Apply(
0;S0; s) ^ s 6=?. (14)Sin
e 
1 is a sequen
e of a
tions, we have that 'j is known to be true in �̂(
1; �0). Hen
e,�̂(
; �0) = �̂(
0; �0). (15)Sin
e 
ount(
0) � 
ount(
)�1, we have that 
ount(
0) � k. Thus, by indu
tive hypothesisand (14), we 
on
lude that
0 is exe
utable in �0 and ' is known to be true in �̂(
0; �0). This, together with (15),proves that 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0).From the two 
ases 2.1 and 2.2, we 
on
lude that ifMR[BApply j= Knows('; s)^Apply(
;S0; s)^s 6=? then 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0).The two 
ases 1 and 2 show that 
 is exe
utable in �0 and ' is known to be true in �̂(
; �0) i�MR [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?. (16)The proof of the third item of the lemma, i.e., �̂(
; �0) =? i� MR [ BApply j= Apply(
;S0;?) issimilar to the proof of the se
ond item of Lemma 2.21 and is omitted here. This, together with(16), proves the indu
tive step of the lemma, and hen
e, proves the lemma. 2Proposition 3 Let D be a domain des
ription and R(D) be the 
orresponding �rst order theory.Let 
 be a 
onditional plan and ' be a 
uent formula. Then,D j=AK Knows ' after 
 i� R(D) [BApply j= Apply(
;S0; s) ^Knows('; s) ^ s 6=? :Proof.1. Assume that D j=AK Knows ' after 
. We will prove that R(D)[BApply j= Knows('; s)^Apply(
;S0; s)^ s 6=?. Assume the 
ontrary, R(D)[BApply 6j= Knows('; s)^Apply(
;S0; s)^s 6=?. By de�nition, there exists a modelMR of R(D) su
h thatMR[BApply 6j= Knows('; s)^Apply(
;S0; s) ^ s 6=?. There are two possibilities(a) MR[BApply j= Apply(
;S0;?). Hen
e, by Lemma 2.22, there exists a modelM = (�0;�)of D su
h that �̂(
; �0) =?. This implies that D 6j=AK Knows ' after 
. Hen
e, this
ase 
annot happen. (1)55



(b) MR [ BApply j= Apply(
;S0; s) ^ s 6=? and MR [ BApply 6j= Knows('; s). Then, byLemma 2.22, there exists a model M of D su
h that M 6j= Knows ' after 
. Thisimplies that D 6j=AK Knows ' after 
. This 
ontradi
ts with the assumption thatD j=AK Knows ' after 
. Hen
e, this 
ase 
annot happen too. (2)From (1) and (2), we 
on
lude that our assumption is in
orre
t, i.e., we have proved thatR(D) [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?. Therefore, we have thatif D j=AK Knows ' after 
 then R(D) [ BApply j= Knows('; s) ^ Apply(
;S0; s) ^ s 6=? :(3)2. Assume that R(D) [ BApply j= Knows('; s) ^ Apply(
;S0; s) ^ s 6=?. We will prove thatD j=AK Knows ' after 
. Assume the 
ontrary, D 6j=AK Knows ' after 
. This meansthat there exists a model M = (�0;�) of D su
h that M 6j= Knows ' after 
. There aretwo sub-
ases:(a) �̂(
; �0) =?. Then, by Lemma 2.21, there exists a model MR of R(D) su
h thatMR [ BApply j= Apply(
;S0;?). This implies that MR [ BApply 6j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?, whi
h 
ontradi
ts with our assumption. Therefore, this 
ase
annot happen. (4)(b) �̂(
; �0) 6=?. Then, F is not known to be true in �̂(
; �0). Then, by Lemma 2.21, thereexists a modelMR of R(D) su
h thatMR[BApply 6j= Knows('; s)^Apply(
;S0; s)^s 6=?.This implies that R(D)[BApply 6j= Knows('; s)^Apply(
;S0; s)^s 6=?, whi
h 
ontradi
tsour assumption. Hen
e, this 
ase 
annot happen too. (5)From (4) and (5, we have that D j=AK Knows ' after 
. Hen
e, we have thatif R(D) j= Knows('; s) ^Apply(
;S0; s) ^ s 6=? then D j=AK Knows ' after 
: (6)From (3) and (6), we 
an 
on
lude thatD j=AK Knows ' after 
 i� R(D) [BApply j= Knows('; s) ^Apply(
;S0; s) ^ s 6=?. 2Appendix C - Soundness of !-ApproximationIn this se
tion we prove the soundness of the !-Approximation w.r.t. the semanti
s of AK .Throughout the se
tion, by D we denote an arbitrary but �xed domain des
ription. We willneed the following notations and lemmas.Let � = hT; F i be an a-state and Æ = hu;�i be a 
-state. We say � agrees with Æ if for every states 2 �, T � s and F \ s = ;.For an a-state � = hT; F i, by true(�) and false(�) we denote the set T and F respe
tively.For a sequen
e of a
tions � = a1; : : : ; an (n � 1) and a state s, by Res(�; s) we denote the stateRes(an; : : : ; Res(a1; s)). Similarly Res0(�; �) denotes the state Res0(an; : : : ; Res0(a1; �)) where �is an a-state and � = a1; : : : ; an.The following observations are trivial and will be used in the proofs in this se
tion.Observation 3.2 Let � = hT; F i be an a-state and Æ = hu;�i be a grounded 
-state su
h that �agrees with Æ, then 56



1. if ' is a 
uent formula and ' holds in � (� j= '), then for every s 2 �, ' holds in s;2. for every a
tion a, �(a; Æ) is a grounded 
-state;3. � � ftrue(�0) j �0 2 Comp(�)g;4. if � is a sequen
e of non-sensing a
tions and � is 
omplete, true(Res0(�; �)) = Res(�; true(�));5. If a sequen
e of non-sensing a
tions, �, is !-exe
utable in � then � is exe
utable in Æ.The proof of Proposition 6 is based on the following lemmas.Lemma 3.23 Let D be a domain des
ription, � be an a-state, and Æ be a grounded 
-state of Dsu
h that � agrees with Æ. Then, for every sequen
e of non-sensing a
tions � of D, Res!(�; �)agrees with �̂(�; Æ).Proof. Assume that � = hT; F i, Æ = hs;�i, and �̂(�; Æ) = hŝ; �̂i.Let f 2 true(Res!(�; �)).) f 2 T�02Comp(�) true(Res0(�; �0)). (by de�nition of Res!)) 8�0 2 Comp(�) f 2 true(Res0(�; �0)).) 8�0 2 Comp(�) f 2 Res(�; true(�0)). (by Item 4, Observation 3.2)) 8s0 2 � f 2 Res(�; s0). (by Item 3, Observation 3.2)) 8s� 2 �̂ f 2 s�. (1)Let f 2 false(Res!(�; �)).) f 2 T�02Comp(�) false(Res0(�; �0)). (by de�nition of Res!)) 8�0 2 Comp(�) f 2 false(Res0(�; �0)).) 8�0 2 Comp(�) f 62 Res(�; true(�0)). (by Item 4, Observation 3.2)) 8s 2 � f 62 Res(�; s). (by Item 3, Observation 3.2)) 8s� 2 �̂ f 62 s�. (2)The lemma follows from (1) and (2). 2Lemma 3.24 Let D be a domain des
ription, � be an a-state, and Æ be a grounded 
-state of Dsu
h that � agrees with Æ. Then, for every sensing a
tion a of D that is !-exe
utable in �, thereexists �0 2 �!(a; �) su
h that �0 agrees with �(a; Æ).Proof. Assume that a o

urs in the k-propositions: a determines f1, : : :, a determines fnBy de�nition, we have that K(a; �) = ff1; : : : ; fng:Assume that � = hT; F i and Æ = hs;�i. Let K1 = s \K(a; �) and K2 = K(a; �) n s.Sin
e Æ is a grounded 
-state, we have that s 2 �. From the assumption that � agrees with Æ, wehave that T � s and F \ s = ;. This, together with the de�nitions of K1 and K2, implies thatK1 \ F = ; and K2 \ T = ;. Therefore, we have that �0 = hT [K1; F [K2i 2 �!(a; �). We willprove that �0 agrees with �(a; Æ).Let �(a; Æ) = hs;�0i = Æ0: Consider an arbitrary s0 2 �0. By de�nition of �(a; Æ), we have thats0\ff1; : : : ; fng = s\ff1; : : : ; fng = K1 and ff1; : : : ; fngns0 = ff1; : : : ; fngns = K2. Thus, K1 � s0and s0 \K2 = ;. Sin
e � agrees with Æ we have that T � s0 and F \ s0 = ;. Therefore, T [K1 � s0and (F [K2) \ s0 = ;. (1)57



Sin
e (1) holds for every state s0 2 �0, we have that hT [ K1; F [ K2i agrees with hs;�0i: Thisproves the lemma. 2The next lemma is the generalization of the lemmas 3.23 and 3.24 to a sequen
e a
tions 
onsistingof both sensing and non-sensing a
tions.Lemma 3.25 Let D be a domain des
ription, � be an a-state, and Æ be a grounded 
-state of Dsu
h that � agrees with Æ. Then, for every sequen
e of a
tions � that is !-exe
utable in �,(i) � is exe
utable in Æ; and(ii) there exists an a-state �0 2 �̂!(�; �) su
h that �0 agrees with �̂(�; Æ).Proof. Let ns(�) be the number of sensing a
tions o

urring in �. We prove the lemma byindu
tion over ns(�).Base 
ase: ns(�) = 0, i.e., � is a sequen
e of non-sensing a
tions. Item 5 of Observation 3.2 provesthat � is exe
utable in Æ. Furthermore, by Lemma 3.23, we have that Res!(�; �) agrees with �̂(�; Æ).Sin
e � = pre(�), by de�nition of �̂!, we have that �̂!(�; �) = �!(�; �) = fRes!(�; �)g. Thisproves the base 
ase.Indu
tive step: Assume that the �rst sensing a
tion o

urring in � is a, i.e., � = �; a; 
 where �does not 
ontain a sensing a
tion. Let �̂(�; Æ) = Æ1 and Res!(�; �) = �1. Then, by Lemma 3.23,�1 agrees with Æ1.Sin
e Æ is a grounded 
-state and � is a sequen
e of non-sensing a
tions, using Item 2 of Observation3.2, we 
an easily prove that Æ1 is a grounded 
-state. � is !-exe
utable in � implies that a; 
 is!-exe
utable in �1. Hen
e, by Lemma 3.24, a is exe
utable in Æ1 and 9�2 2 �!(a; �1) su
h that �2agrees with �(a; Æ1) = Æ2.Again, from the assumption that � is !-exe
utable in � we 
on
lude that 
 is !-exe
utable in �2.Sin
e ns(
) = ns(�) � 1, by the indu
tion hypothesis, we 
on
lude that
 is exe
utable in Æ2 and 9�3 2 �̂!(
; �2) su
h that �3 agrees with �̂(
; Æ2) = Æ3.From Res!(�; �) = �1, �2 2 �!(a; �1), �3 2 �̂!(
; �2), and by de�nition of �!, we have that�3 2 �̂!(�; �) (1)From �̂(�; Æ) = Æ1, �(a; Æ1) = Æ2, �̂(
; Æ2) = Æ3, and by de�nition of �̂, we have that �̂(�; Æ) = Æ3.(2)Sin
e �3 agrees with Æ3, from (1) and (2), we 
an 
on
lude the indu
tion step. Hen
e, the lemmais proved. 2In the next lemma we extend the result of Lemma 3.25 to an arbitrary 
onditional plan.Lemma 3.26 Let D be a domain des
ription, � be an a-state, and Æ be a grounded 
-state of Dsu
h that � agrees with Æ. Then, for every 
onditional plan 
 su
h that 
 is exe
utable in �,(i) 
 is exe
utable in Æ; and(ii) there exists an a-state �0 2 �̂!(
; �) su
h that �0 agrees with �̂(
; Æ).Proof. By Observation 3.1, we know that 
 
an be represented as a sequen
e of 
onditional plans
1; : : : ; 
n where 
i is either a sequen
e of a
tions or a 
ase plan and for every i < n if 
i is a58



sequen
e of a
tions then 
i+1 is a 
ase plan. We prove the lemma by indu
tion over 
ount(
), thenumber of 
ase plans in 
.The base 
ase, 
ount(
) = 0, is proved by Lemma 3.25.We now prove the indu
tive step, i.e., assume that the lemma is shown for 
ount(
) � k, we provethe lemma for 
ount(
) = k + 1. We 
onsider two 
ases:(a) 
1 is a 
ase plan. Assume that 
1 is the following planCase'1 ! p1...'l ! plEnd
aseFrom the assumption that ?62 �̂!(
; �) we 
an 
on
lude that there exists j, 1 � j � l, su
hthat 'j holds in �. Let 
0 = pj; 
2 : : : ; 
n. Then, by de�nition of �̂! we have that�̂!(
; �) = �̂!(
0; �). (1)Hen
e, ?62 �̂!(
0; �). Sin
e 
ount(
) > 
ount(
0)+1, we have that 
ount(
0) � k. By indu
tivehypothesis, we have that
0 is exe
utable in Æ and there exists a state �0 2 �̂!(
0; �) su
h that �0 agrees with �̂(
0; Æ).(2)Sin
e � agrees with Æ and 'j holds in �, we 
an 
on
lude that 'j holds in Æ, whi
h impliesthat 
 is exe
utable in Æ and�̂(
; Æ) = �̂(
0; Æ). (3)From (3), (2), and (1), we have that �0 2 �̂!(
; �) and �0 agrees with �̂(
; Æ). This proves thelemma for the 
ase (a).(b) 
1 is a sequen
e of a
tions. Let 
0 = 
2; : : : ; 
n. Then, by de�nitions of �̂ and �̂!, we havethat �̂(
; Æ) = �̂(
0; �̂(
1; Æ)) and�̂!(
; �) = S�02�̂!(
1;�) �̂!(
0; �0). (4)Sin
e � agrees with Æ and Æ is a grounded 
-state, by Lemma 3.25, we know that thereexists a state �1 2 �̂!(
1; �) su
h that �1 agrees with �̂(
1; Æ). Sin
e 
 is !-exe
utable in� we have that 
0 is !-exe
utable in �1. Furthermore, sin
e 
0 starts with a 
ase plan and
ount(
0) = k + 1, from the �rst 
ase, we 
an 
on
lude that
1 is exe
utable in Æ and 
0 is exe
utable in �̂(
1; Æ) and there exists a state �0 2 �̂!(
0; �1)su
h that �0 agrees with �̂(
0; �̂(
1; Æ)) (5)From (4) and (5), we have that 
 is exe
utable in Æ, �0 2 �̂!(
; �) and �0 agrees with�̂(
0; �̂(
1; Æ)) = �̂(
; Æ). Hen
e the indu
tive step is proved for 
ase (b).59



The indu
tive step follows from the above two 
ases. 2We are now ready to prove the Proposition 6.Proposition 6 (Soundness of !-Approximation w.r.t. j=AK) Let D be a domain des
rip-tion, ' be a 
uent formula, and 
 be a 
onditional plan. Then,if D j=! Knows ' after 
 then D j=AK Knows ' after 
:Proof. Let �0 be the initial a-state of D and Æ0 be a grounded initial 
-state of D. By de�nitionof �0 and Æ0, we have that �0 agrees with Æ0. (1)From D j=! Knows ' after 
, by de�nition of j=!, we have that?62 �̂!(
; �0), and (2)for every �0 2 �̂!(
; �0), ' holds in �0. (3)By Lemma 3.26, (1)-(3), we have that
 is exe
utable in Æ0, and (4)there exists a state �0 2 �̂!(
; �0), su
h that �0 agrees with �̂(
; Æ0). This, together with (4), impliesthat ' is known to be true in �̂(
; Æ0). (5)(4) and (5) hold for every model (Æ0;�) of D. This implies that D j=AK Knows ' after 
. Theproposition is proved. 2Appendix D - Proof of the Regression propositionIn this se
tion, we prove the regression proposition. For shorter notation, we write � j= ' (resp.� 6j= ' ) to denote that ' holds in � (resp. ' does not hold in �). We �rst prove several lemmasthat we will use in the proof.Lemma 4.27 Let f be a 
uent literal, a be an a
tion, and s be a state. Assume that a is exe
utablein s. Then, f holds in Res(a; s) i� Regression(f; a) holds in s.Proof. Consider the 
ase that a is a non-sensing a
tion and f is a 
uent. Assume thata 
auses f if %1, . . . , a 
auses f if %n, and a 
auses :f if %01,. . . , a 
auses :f if %0m arethe ef-propositions in D whose a
tion is a. Then, we have thatRegression(f; a) = Wni=1 %i _ (f ^Vmi=1 :%0i) holds in si� there exists an ef-proposition a 
auses f if % in D su
h that % holds in s orf holds in s and there exists no ef-proposition a 
auses :f if %0 in D su
h that %0 holds in si� f 2 E+a (s) or (f 2 s and f 62 E�a (s))i� f 2 s [E+a (s) nE�a (s)i� f holds in Res(a; s). (1)Similarly, we 
an prove that (1) also holds when f is a negative 
uent literal. (2)Consider the 
ase that a is a sensing a
tion. Then, we have that Res(a; s) = s (Re
all that weassume that the set of sensing a
tions and non-sensing a
tions are disjoint.) And,Regression(f; a) = f . Thus, the lemma is trivial for this 
ase. (3)The lemma follows from (1)-(3). 2The next 
orollary follows immediately from Lemma 4.27 and the fa
t thatRegression(Vni fi; a) = Vni Regression(fi; a). 60



Corollary 2 For a 
onjun
tion of 
uent literals ', an a
tion a, a state s su
h that a is exe
utablein s, ' holds in Res(a; s) i� Regression('; a) holds in s. 2Lemma 4.28 Let ' be a 
uent formula, a be an a
tion, and s be a state su
h that a is exe
utablein s. Then, ' holds in Res(a; s) i� Regression('; a) holds in s.Proof. Sin
e every Boolean expression 
an be represented by a CNF formula, we assume that' = Wi 'i where ea
h 'i is a 
onjun
tion of 
uent literals. Thus the lemma follows dire
tly fromCorollary 2 and the fa
t that Regression(Wni 'i; a) = Wni Regression('i; a). 2Lemma 4.29 Let ' be a 
uent formula, a be an a
tion, and � = hs;�i be a grounded 
-state.Assume that a is exe
utable in every state belonging to �10. Then,� if Regression(Knows ('); a) holds in � then Knows (') holds in �(a; �); and� if Regression(Knows ('); a) does not hold in � then Knows (') does not hold in �(a; �).Proof. Consider the 
ase a is a non-sensing a
tion. Then, we have that Regression(Knows ('); a) =Knows (Regression('; a)).� Regression(Knows ('); a) holds in � implies that Regression('; a) holds in every states0 2 �. This implies that ' holds in Res(a; s0) for every state s0 2 � su
h that a is exe
utablein s0 (Lemma 4.27). Therefore, Knows (') holds in �(a;�).� Regression(Knows ('); a) does not hold in � means that there exists s0 2 � su
h thatRegression('; a) does not hold in s0. Sin
e a is exe
utable in s0, by Lemma 4.27, we 
on
ludethat ' does not hold in Res(a; s0). This implies that Knows (') does not hold in �(a; �).Consider the 
ase a is a sensing a
tion that senses a 
uent g11, we have that Regression('; a) = 'and �(a; �) = hs;�0i where �0 � � and ea
h state s0 in �0 agrees with s on g.� Regression(Knows ('); a) = (g!Knows (g!'))^(:g!Knows (:g!')) holds in � impliesthat g 2 s (resp. g 62 s) implies that Knows (g!') (resp. Knows (:g!')) holds in �. So,if g 2 s (resp. g 62 s) then g 2 s0 (resp. g 62 s0) implies that ' holds in s0 for every s0 2 �. Inother words, for every s0 2 �, if s and s0 agree on g then ' holds in s0. Hen
e, ' is known tobe true in �(a; �), i.e., Knows (') holds in �(a; �).� Regression(Knows ('); a) = (g!Knows (g!')) ^ (:g!Knows (:g!')) does not hold in� implies that either (i) (g!Knows (g!')) does not hold in � or (ii) (:g!Knows (:g!'))does not hold in �. Let us assume that g!Knows (g!') does not hold in �, i.e., (i) holds.This means that g holds in � butKnows (g!') does not. So, there exists a state s0 in � su
hthat g 2 s0 and ' does not hold in s0 or for every s0 in �, g 62 s0. The �rst 
ase implies thatKnows (') does not hold in �(a; �). The se
ond 
ase is impossible be
ause � is a grounded
-state. Thus if (i) holds then Knows (') does not hold in �(a; �). Similarly, if (ii) holds,we 
an show that Knows (') does not hold in �(a; �).The lemma follows from the above two 
ases. 210This implies that a is exe
utable in s sin
e � is a grounded 
-state.11The proof for the 
ase when a senses more than 1 
uents g1; : : : ; gn is similar and is omitted here.61



Lemma 4.30 For a 
-formula '�, an a
tion a, and a grounded 
-state � = hs;�i su
h that a isexe
utable in every state belonging to �,� if � j= Regression('�; a) then �(a; �) j= '�; and� if � 6j= Regression('�; a) then �(a; �) 6j= '�.Proof. Follows from Lemmas 4.28 and 4.29 and the fa
t that ea
h 
-formula '� 
an be representedby a disjun
tion Wni=1 '�i where '�i is a 
onjun
tion of 
uent literals and k-formulas of the formKnows (%) for some 
uent formula %. 2Lemma 4.31 Let ' be a 
-formula and 
 be a 
onditional plan. Then, Regression('; 
) is a
-formula.Proof. The proof is done indu
tively over 
ount(
), the number of 
ase plans in 
. The base
ase, 
 is a squen
e of a
tions, follows immediately from Items (1)-(4) and the �rst two sub-itemsof Item (5) of the de�nition of the regression formulas. The indu
tive step follows from indu
tivehypothesis and the last two sub-items of Item (5) of the de�nition of the regression formulas. 2Lemma 4.32 For a 
-formula ', an a
tion sequen
e �, and a grounded 
-state � su
h that � isexe
utable in every grounded 
-state �0 = hs0;�0i where �0 � �,� if � j= Regression(';�) then �̂(�; �) j= '; and� if � 6j= Regression(';�) then �̂(�; �) 6j= '.Proof. Indu
tion over j�j, the length of �.Base 
ase: j�j = 0, i.e., � = [℄:. Then, we have that Regression('; [℄) = ' and �̂([℄; �) = �. Thelemma is trivial. (Noti
e that for j�j = 1, the lemma follows from Lemma 4.30). The base 
ase isproved.Indu
tive step: Assume that we have proved the lemma for j�j = n. We need to prove the lemmafor j�j = n+ 1. Let � = �; a. Then, we have that j�j = n.We have that Regression('; �; a) = Regression('; �; a) = Regression(Regression('; a); �). Byindu
tive hypothesis, we have thatif � j= Regression(';�) then �̂(�; �) j= Regression('; a). Thus, by Lemma 4.30, �(a; �̂(�; �)) j=', i.e., �̂(�; �) j= '.if � 6j= Regression(';�) then �̂(�; �) 6j= Regression('; a). Again, by Lemma 4.30, we have that�(a; �̂(�; �)) 6j= ', i.e., �̂(�; �) 6j= '.Lemma 4.33 For a 
-formula ', a grounded 
-state � = hs;�i, and a 
onditional plan 
 su
h that
 is exe
utable in every 
-state �0 = hs0;�0i where �0 � �,� if � j= Regression('; 
) then �̂(
; �) j= '; and� if � 6j= Regression('; 
) then �̂(
; �) 6j= '.
62



Proof. As in previous proofs related to 
onditional plans, we assume that 
 is a sequen
e of
onditional plans 
1; : : : ; 
n where 
i is either a sequen
e of a
tions or a 
ase plan and for everyi < n if 
i is a sequen
e of a
tions then 
i+1 is a 
ase plan. We prove the lemma by indu
tion over
ount(
), the number of 
ase plans in 
.Base 
ase: 
ount(
) = 0. Then, 
 is a sequen
e of a
tions. The base 
ase follows from Lemma4.32.Indu
tive step: Assume that we have proved the lemma for 
ount(
) � k. We need to prove thelemma for 
ount(
) = k + 1. By 
onstru
tion of 
, we have two 
ases:Case 1: 
n is a 
ase plan of the formCase'1 ! p1...'l ! plEnd
aseLet 
0 = 
1; : : : ; 
n�1. We have thatRegression('; 
0; 
n) = Regression(Regression('; 
n); 
0). Sin
e 
ount(
) = 
ount(
0) + 
ount(
n)and 
ount(
n) � 1, we have that 
ount(
0) � k. Furthermore, by Lemma 4.31, we have thatRegression('; 
n) is a 
-formula. Consider two 
ases:Case 1.1: � j= Regression('; 
). By indu
tive hypothesis (for Regression('; 
n), �, and 
0), wehave that �̂(
0; �) j= Regression('; 
n).Let Æ = �̂(
0; �). Sin
e 
 is exe
utable in � we 
on
lude that there exists some j (1 � j �l) su
h that Æ j= Knows ('j) and Æ 6j= Knows ('i) for i 6= j. This, together with the fa
tthat Regression('; 
n) = Wli=1(Knows ('i) ^ Regression('; pi)), implies that Æ j= Knows ('j) ^Regression('; pj). Hen
e, Æ j= Regression('; pj). Applying the indu
tive hypothesis one moretime (for ', Æ, and pj), we 
an 
on
lude that �̂(pj; Æ) j= '. Sin
e �̂(
n; �̂(
0; �)) = �̂(pj; Æ), wehave that �̂(
n; �̂(
0; �)) j= ', i.e., �̂(
; �) j= '. (1)Case 1.2: � 6j= Regression('; 
). Again, by indu
tive hypothesis (for Regression('; 
n), �, and
0), we have that �̂(
0; �) 6j= Regression('; 
n).Let Æ = �̂(
0; �). Sin
e 
 is exe
utable in � we 
on
lude that there exists some j (1 � j �l) su
h that Æ j= Knows ('j) and Æ 6j= Knows ('i) for i 6= j. This, together with the fa
tthat Regression('; 
n) = Wli=1(Knows ('i) ^ Regression('; pi)), implies that Æ 6j= Knows ('j) ^Regression('; pj). Hen
e, Æ 6j= Regression('; pj). Applying the indu
tive hypothesis one moretime (for ', Æ, and pj), we have that �̂(pj; Æ) 6j= '. Sin
e �̂(
n; �̂(
0; �)) = �̂(pj; Æ), we have that�̂(
n; �̂(
0; �)) 6j= ', i.e., �̂(
; �) 6j= '. (2)The indu
tive step for Case 1 follows from (1) and (2).Case 2: 
n is a sequen
e of a
tions.Let 
0 = 
1; : : : ; 
n�1. We have thatRegression('; 
0; 
n) = Regression(Regression('; 
n); 
0).It follows from Observation 3.1 that 
n�1 is a 
ase plan. By 
ase 1 and the indu
tive hypothesis,(for Regression('; 
n), �, and 
0), we have that63



if � j= Regression('; 
) then �̂(
0; �) j= Regression('; 
n). Then, by Lemma 4.32 (for ', �̂(
0; �),and 
n), we 
an 
on
lude that �̂(
n; �̂(
0; �)) j= ', i.e., �̂(
; �) j= '.if � 6j= Regression('; 
) then �̂(
0; �) 6j= Regression('; 
n). Again, by Lemma 4.32, we have that�̂(
n; �̂(
0; �)) 6j= ', i.e., �̂(
; �) 6j= '.This proves the indu
tive step and hen
e, the lemma is proved. 2We now prove Proposition 8.Proposition 8 Given a domain des
ription D, let ' be a 
-formula, and �1; : : : ; �n be the set ofgrounded initial 
-states of D, and 
 be a 
onditional plan that is exe
utable in all the groundedinitial 
-states of D.� 8i; 1 � i � n �i j= Regression('; 
) i� 8j; 1 � j � n �̂(
; �j) j= 'Proof. Let �i = hs;�i be a grounded initial 
-state of D. It is easy to see that ea
h grounded
-state hs0;�0i where �0 � � is also a grounded initial 
-state of D. Thus, by the �rst item ofLemma 4.33, we have thatif �i j= Regression('; 
) then �̂(
; �j) j= ' (1)Using the se
ond item of Lemma 4.33, we 
an prove thatif �̂(
; �j) j= ' then �i j= Regression('; 
). (2)The 
on
lusion of the lemma follows from the fa
t that (1) and (2) hold for every i, 1 � i � n. 2Appendix E - Overview of Nested Cir
ums
riptionNested Abnormality Theories (NATs) is a novel 
ir
ums
ription [M
C86, Lif94℄ te
hnique intro-du
ed by Lifs
hitz [Lif95℄. With NATs it is possible to 
ir
ums
ribe several predi
ates ea
h withrespe
t to only parts of the theory of interest, as opposed to previous te
hniques su
h as parallelizedand 
ir
ums
ription theories where the 
ir
ums
ription must be done with respe
t to all of the ax-ioms in the underlying theory. Furthermore, all the 
ompli
ations arising from the intera
tion ofmultiple 
ir
ums
ription axioms in a theory are avoided in NATs with the introdu
tion of blo
ks.A blo
k is 
hara
terized by a set of axioms A1; : : : ; An|possibly 
ontaining the abnormality pred-i
ate Ab {whi
h `des
ribe' a set of predi
ate/fun
tion 
onstants C1; : : : ; Cm. The notation for su
ha theory is fC1; : : : ; Cm : A1; : : : ; Ang (4.17)where ea
h Ai may itself be a blo
k of form (4.17). The `des
ription' of C1; : : : ; Cm by a blo
k maydepend on other des
riptions in embedded blo
ks.Interferen
e between 
ir
ums
ription in di�erent blo
ks is prevented by repla
ing a predi
ate Abwith an existentially quanti�ed variable. Lifs
hitz's idea is to make Ab `lo
al' to the blo
k where itis used, sin
e abnormality predi
ates play only an auxiliary role, i.e. the interesting 
onsequen
esof the theory are those whi
h do not 
ontain Ab. The next se
tion 
ontains the formal de�nitionsof this 
on
epts.The following de�nitions are from [Lif95℄. Let L be a se
ond order language whi
h does not in
ludeAb. For every natural number k, let Lk be the language obtained by adding the k-ary predi
ate64




onstant Ab to L. fC1; :::; Cm : A1; :::; Ang is a blo
k if ea
h C1; : : : ; Cm is a predi
ate or a fun
tion
onstant of L, and ea
h A1; : : : ; An is a formula of Lk or a blo
k.A Nested Abnormality Theory is a set of blo
ks. The semanti
s of NATs is 
hara
terized by amapping ' from blo
ks into senten
es of L. If A is a formula of language Lk, 'A stands for theuniversal 
losure of A, otherwise'fC1; :::; Cm : A1; :::; Ang = (9ab)F (ab)where F (Ab) = CIRC['A1 ^ ::: ^ 'An;Ab;C1; :::; Cm℄Re
all that CIRC[T ;P ;Q℄, means 
ir
ums
ription of the theory T , by minimizing the predi
ates inP , and varying the obje
ts in Q.For any NAT T , 'T stands for f'AjA 2 Tg. A model of T is a model of 'T in the sense of 
lassi
allogi
. A 
onsequen
e of T is a senten
e � of language L that is true in all models of T . In thispaper, as suggested in [Lif95℄, we use the abbreviationfC1; : : : ; Cm; min P : A1; : : : ; Angto denote blo
ks of the formfC1; : : : ; Cm; P : P (x) � Ab(x); A1; : : : ; AngAs the notation suggests, this type of blo
k is used when it is ne
essary to 
ir
ums
ribe a parti
ularpredi
ate P in a blo
k. In [Lif95℄ it is shown that'fC1; : : : ; Cm; min P : A1; : : : ; Angis equivalent to the formula CIRC[A1 ^ : : : ^An;P ;C1; : : : ; Cm℄when ea
h Ai is a senten
e.Referen
es[Bar95℄ C. Baral. Reasoning about A
tions : Non-deterministi
 e�e
ts, Constraints and Qual-i�
ation. In Pro
. of IJCAI 95, pages 2017{2023, 1995.[BG93℄ C. Baral and M. Gelfond. Representing 
on
urrent a
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tions. Journal ofLogi
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