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Need for computable complexity. The best way to describe the complexity of a given string s is to find
its Kolmogorov complexityK(s): the shortest length of a program that computes s; see, e.g. [2]. For example,
a sequence is random if and only if its Kolmogorov complexity is close to its length. Another example is that
we can check how close are two DNA sequences s and s′ by comparing K(ss′) with K(s) +K(s′): if they
are unrelated, the only way to generate ss′ is to generate s and then generate s′, so K(ss′) ≈ K(s) +K(s′);
but if they are related, we have K(ss′) ≪ K(s) +K(s′).

The big problem is that the Kolmogorov complexity is, in general, not algorithmically computable. Thus,
it is desirable to come up with computable approximations.

I-complexity. At present, most algorithms for approximating K(s) use some loss-less compression tech-

nique to compress s, and take the length K̃(s) of the compression as the desired approximation. However,
this approximation has limitations: for example, in contrast to K(s), where a change (one-bit) change in

x cannot change K(s) much, a small change in s can lead to a drastic change in K̃(s). To overcome this
limitation, V. Becher and P. A. Heiber proposed the following new notion of I-complexity [1]. For each
position i of the string s = (s1s2 . . . sn), we find the length Bs[i] of the largest repeated substring within

s1 . . . si, and then define I(s)
def
=

n∑
i=1

f(Bs[i]), for an appropriate decreasing function f(x).

Specifically, it turned out that the discrete derivative of the logarithm works well: f(x) = dlog(x + 1),

where dlog(x)
def
= log(x+ 1)− log(x). A natural question is: why choose this function?

Our result. We view the desired function f(x) as a discrete analogue of an appropriate continuous function

f(x) =
∫ x+1

x
g(y) dy = F (x+ 1)− F (x) for some function F (x). Which function F (x) should we choose?

In the continuous case, the numerical value of each quantity depends on the choice of the measuring unit
and of the starting point. By changing them, we get a new value x′ = a · x + b. For length x, the starting
point 0 is fixed, so we only have re-scaling x → x′ = a · x. When we thus re-scale x, the value y = F (x)
changes, to y′ = F (a · x). It is reasonable to require that the value y′ represent the same quantity, i.e., that
it differs from y by a similar re-scaling: y′ = F (a · x) = A(a) · F (x) + B(a) for appropriate values A(a)
and B(a). It turns out that all monotonic solutions of this equation are equivalent to log(x) or to xα. So,
symmetries do explain the selection of the function F (x) for I-complexity.
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