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ABSTRACT

A sweeping automaton is a two-way deterministic finite automaton which makes turns
only at the endmarkers. Sipser [12] has proved that one-way nondeterministic finite
automata can be exponentially more succinct in sizes than sweeping automata. In this
paper, we propose a technique based on the work in [6] for establishing lower bounds
on the size of sweeping automata. We show that Sipser’s technique is a special case of
our method. In addition, we prove two lower bound results with the new technique.
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1. Introduction

The simplest machine model for denoting regular languages is the one-way determin-
istic finite automaton (DFA). It is well known that the use of nondeterminism and
two-way movements of the tape head would not change the class of languages denoted.

Tradeoffs in the succinctness of different machine models for denoting the same
languages were studied in a number of research papers. Meyer and Fischer [7] showed
that for each positive n, there is an n-state nondeterministic finite automaton (NFA)
such that the corresponding smallest equivalent DFAs have 2" states. The same result
was also obtained by Moore [9] using a different family of NFAs.

Sakoda and Sipser [10] raised an open question regarding the tradeoff in the suc-
cinctness between two-way nondeterministic finite automata (2NFA) and two-way
deterministic finite automata (2DFA). Specifically, they asked whether there exists a
polynomial p such that for every n-state 2NFA there is an equivalent p(n)-state 2DFA.

A partial negative answer has been provided by Sipser in [12]. Sweeping automaton
is introduced as a restricted model of 2DFA which can reverse the direction of the
reading head only at the endmarkers on the two sides of the input. In Section 2,
we give the formal definitions of 2DFA and sweeping automaton. We say that a
sweeping automaton is degenerate if the automaton has no left-moving transitions.
Thus, a degenerate sweeping automaton is limited to make only one sweep on the
input from left to right. That is, a degenerate sweeping automaton is the same as an
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incomplete one-way DFA except that the input is delimited by two endmarkers for a
sweeping automaton. In this paper, we allow a sweeping automaton to be degenerate.
Sipser [12] showed that for each positive integer n, there is a language B,, such that B,
is accepted by an n-state NFA whereas it is not accepted by any sweeping automaton
with fewer than 2™ — 1 states. As any n-state NFA can be simulated by an incomplete
one-way DFA with at most 2" — 1 states, Sipser’s result achieves the largest tradeoff
possible in the number of states between NFA and sweeping automata. It should be
noted that B, is over an alphabet of size 2", It is argued [12] that with some clever
encoding of the alphabet into a binary alphabet, the NFA after encoding has at most
O(n) states.

In [1] and [8], Sipser’s technique for proving lower bounds on the size of sweeping
automata was used in showing that 2DFAs can be exponentially more succinct than
sweeping automata.

In [6], Leung showed the same tradeoff result as Sipser’s between NFA and sweeping
automata for the regular language (0 + 0(1*0)"~1)* which is over a binary alphabet.
Leung used a different technique than Sipser’s.

Recently, the tradeoff questions about different variant models of sweeping au-
tomata have received renewed interest ([2], [3], [4]).

In this paper, we consider again the result obtained in [6]. We identify the crucial
properties that are needed in the technique for establishing lower bounds on the size
of sweeping automata. In Section 3, we formulate the proof technique in Theorem 1.
In Section 4, we show that Sipser’s technique is a special case of our technique given
in Theorem 1. On the other hand, it is clear that Sipser’s technique, which relies on
the construction of a string of exponential length, is not equivalent to our technique
which does not require the existence of such a long string. Also, we illustrate with
examples that Theorem 1 can be easily applied to prove lower bound results on the
size of sweeping automata for two new languages.

In Section 5, we propose an open problem about a possible generalization of The-
orem 1.

2. Definitions and Notation

We say that y € XV is live with respect to a language L iff 3 z,2 € ¥* such that
xyz € L; otherwise y is dead with respect to L. Sometimes, we may simply say that
a string is live (or, dead) without mentioning explicitly the underlying language.

2.1. 2DFA

A 2DFA is a 7-tuple (Q, X, F,,0, g1, F'), where Q = {q1, ¢, - . -, qx } is the set of states,
3 is the alphabet set, - ¢ ¥ and 4 ¢ ¥ are left and right endmarkers delimiting
the input string, ¢; is the starting state and F' is the set of accepting states. The
transition function ¢ is a partial function from Q x (X U {F,4}) to Q@ x {L, R}. An
input string w = aias . ..a,, where a; € ¥ for 1 < i < n, is presented to the 2DFA as
F ajas...a, 4. The 2DFA is started in state g; on the symbol a;. If w is the empty
string e, then the 2DFA is started in state ¢; on the right endmarker <. The input
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string w is accepted if, from the initial configuration in which the automaton is in
state ¢; while reading a; (or - if w = €), the 2DFA enters into a configuration with
the state in F’ while reading - after a sequence of moves. The sequence of moves may
be empty if w = e. More accurately, if the sequence of moves is not empty, the 2DFA
must signal acceptance by entering a state in F' when it makes a right move on the
symbol a,, (before detecting that it has reached the - symbol).

Let gi,q; € @Q and a € X U {F,4}. When 6(¢;,a) = (g, L), the meaning is that
the 2DFA, when reading symbol a while at state ¢;, would move the tape head to
the left and change the state to ¢;. Similarly, the meaning of 6(¢;,a) = (¢;, R) is
that the 2DFA, when reading symbol a while at state g;, would move the tape head
to the right and change the state to ¢;. Another possibility is that 6(g;,a) could be
undefined.

Given a definition of §, we extend its definition to a (partial) function from @ x X+
to @ x {L, R} as follows. Let w € ¥*. We write 6(¢;,w) = (¢;, L) to denote that
the 2DFA, when started at the leftmost symbol of w at state ¢;, eventually leaves w
moving to its left while entering state ¢;; we write 6(g;, w) = (g;, R) to denote that
the 2DFA, when started at the leftmost symbol of w at state ¢;, eventually leaves
w moving to its right while entering state ¢;. It is possible that 6(g;, w) may be
undefined when the 2DFA hangs or loops within w.

Similarly, with respect to the original given definition of §, we extend the defini-
tion of § to a (partial) function from Xt x @ to @ x {L, R} as follows. We write
d(w,q;) = (gj, L) to denote that the 2DFA, when started at the rightmost symbol of
w at state g;, eventually leaves w moving to its left while entering state g;; we write
d(w,q;) = (gj, R) to denote that the 2DFA, when started at the rightmost symbol of
w at state g;, eventually leaves w moving to its right while entering state g;. Again,
it is possible that §(w, ¢;) may be undefined.

Let a € 3. Using the previous notation, 6(g;,a) = é(a, g;).

2.2. Sweeping Automata

A sweeping automaton is a 2DFA which makes turns only at the endmarkers. To con-
sider a 2DFA as a sweeping automaton, we require that the set of states is partitioned
into left-going and right-going states. In other words, no state can be both left-going
and right-going; that is, it cannot be the case that there exists a state ¢, and two
non-endmarker symbols a,a’ € ¥ such that §(¢,a) = (¢, L) and §(q,a’) = (¢", R);
however, a left-going (right-going) state has to make a right-going (left-going) move
at the left (right) endmarker. Also, a left-going (right-going) move cannot result in
a state that is right-going (left-going). Initially, a sweeping automaton is required to
start in a right-going state. For the special case when the input string is an empty
string, any 2DFA can only sweep from one endmarker to another endmarker, and thus
behaves like a sweeping automaton.

Let w € 7. For Q' C Q, let ?(Q’,w) denote {¢g; | ¢; € Q’, §(¢;, w) = (¢, R)} and
<E(w, Q') denote {¢; | ¢; € Q', d(w,q;) = (g5, L)}. We write ?(w) to denote ?(Q,w)
—

and ?(w) to denote F(w,Q). Even if some of the k components of ¢ (w) are not
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—

defined, we still consider ?(w) to be defined. That is, ?(w) = ¢ (w') if corresponding
entries of the k-tuples are either both undefined or both defined and equal. The same
can be said about <g(w) Next, we write d(w) to denote (?(w),?(w)) Thus,
the sweeping automaton will behave similarly (with the same behavior when viewed
externally) on strings w and w’ if 6(w) = §(w’).

We write n(w) = (|§)(w)|7 |<g(w)|) We define a partial ordering on ordered pairs
of natural numbers such that (p,q) < (¢,7) iff p < i and ¢ < j. It is easy to see that
n(ww’) < n(w) and n(w'w) < n(w) for w,w’ € B+.

We say that a live string w is minimal with respect to a sweeping automaton if,
for all live strings w’, n(w’) < n(w) implies n(w’) = n(w). Note that by definition a
dead string cannot be minimal. It is easy to see that minimal strings exist when the
sweeping automaton accepts a nonempty string.

We observe that the statement Va,y € X, ?(Q’, xy) = ?(S)(Q’, x),y) is true for
sweeping automata, but not for 2DFA.

3. Main Result

In this section, we are going to prove Theorem 1 which is the main result of this
paper.

Theorem 1 Let L be a language and let x be a string such that for all live strings u
and v, uzv is live. Furthermore, let a; and 3;, for 1 <i < m, be strings such that

o ;3 is live if i +j > m+1,
o «a;3; is not live if t + j = m.

Then any sweeping automaton accepting L has at least m states.

Consider a sweeping automaton B = (Q,X,F,,d,¢q1,F) accepting L where
Q={q1,q, -, q}. We want to show that k > m.

Let z be a minimal string with respect to B and let ¢ = zzx. We see that
g = ((exz)xe) is live by the the property of z and the fact that the empty string
€ is live since L is nonempty. As g is live and has a minimal string z as its substring,
we deduce that ¢ is minimal. Also, g possesses the same property that z has: Let
u, v be two live strings. Consider ugv = u(xzz)v = ((urz)xv) which is live.

For any string y, it is true that gyg is live iff y is live. If y is not live, by the
definition of a live string, gyg cannot be live. Suppose y is live. Then the word
gyg = (xzx)y(zzz) = ((ex((zay)xz))ze) is again live. Since € is live, gg = geg is live
and hence minimal as ¢ is minimal.

Lemma 1 For 1 <i,j <m, we have
e ga;fBig is minimal if i +j > m + 1,

e ga; B9 is not minimal if i +j = m.
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Proof. Suppose i +j > m+ 1. By the properties of o;’s and 3;’s, a;3; is live. Recall
that gyg is live iff y is live. Thus, ga;3;g is live and minimal since g is minimal. When
1+ j = m, we have o;3; is not live; hence ga;/3;g is not live and not minimal. O

Lemma 2 4 (g9) = 0 (g) and 3 (g9) = 3 (9)

Proof. The lemma follows from the facts that g and gg are minimal, and that

g)(99) = E}(Qagg) - ?(Q,g) = E}(g) and
5 (99) = 9 (99,Q) € 3 (9.Q) = 3 (9). =

— —
Let 6 (9) = {¢r+Qrss---> ¢} and 6 (9) = {a,, a1, - -, q, }, Where n(g) = (s,1).
Note that s cannot be 0. Otherwise g cannot be live, since a string is only accepted
while reading the right endmarker. On the other hand, it is possible that ¢t may be 0.
—_—
Define a matrix D over the field of integers mod 2 with rows indexed by
{g] g€ (ga), 1<i<m)
and columns indexed by
{(Bjg,qr,) | 1 <h <s, 1<j<m}
such that B[q, (Big,qr,)] = 11if 8(q, B;9) = (¢r,, R), and 0 otherwise.
—
Define a matrix D over the field of integers mod 2 with rows indexed by
{(@,,906) [ 1<k <t, 1<i<m}

and columns indexed by
A .
{alae 6(Bjg), 1<j<m}

such that 5[(qlk,gai),q] =1if (g, q) = (qu,,, L), and 0 otherwise.

Obtain from D by elementary row operations a matrix E over the field of integers
mod 2 with rows indexed by {ga; | 1 < i < m} such that the row in E indexed by
ga; is obtained by adding those rows of D indexed by states in ?(gai).

Obtain from D by elementary column operations a matrix E over the field of
integers mod 2 with columns indexed by {89 | 1 < j < m} such that the column

in E indexed by B;g is obtained by adding those columns of D indexed by states
«—
in d (ﬂjg)
Lemma 3 Let P(i,j) denote the statement that
— —
E[gaia (5397 q’!‘h)] =1 and E[(Ql;mgal)aﬂjg] =1
foralll <h<sandl<k<t. We have

e ifi+j>m+1, then P(i,7) is true,
e ifi+j=m, then P(i,j) is false.
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Proof. The proof for the case when ¢t = 0 is similar to that for the case when ¢t > 0
but only simpler with P(4,j) denoting ﬁ[gai, (Big,qr,)] =1forall 1 <h <s. In the
following proof, we suppose ¢t > 0.

Suppose i + j > m + 1. By Lemma 1, ga;3;g is minimal. Since g is minimal,
we deduce that go; is also minimal. Thus, s = |§>(g)\ = |?(go¢i)| = |§>(ga,ﬂjg)|.
Observe that ?(?(gai),ﬁjg) = g)(galﬂjg) = g)(g) ={¢,--qr.}- Let 1 <h <s.
Since |g)(gozi)| = s, there exists a unique ¢’ € g)(gozi) such that

0(q", i9) = (qr,., ).

That is, for ¢ € ?(gai), B[q, (8ig,4r,)] = 1 iff ¢ = ¢'. Therefore,
— — —
E[gaiv (ﬁjg7Q7"h)] = Z{D[Qa (ﬁjgaqrh)} | qc ] (Qagai)} =1

Similarly, we can show that <E[(qlk,gozi),ﬁjg] =1lforl1<k<t.

Suppose i +j = m. Suppose the contrary that P(i, j) is true. By Lemma 1 and the
fact that g is minimal, it suffices to show that go;3;¢ is live; hence, a contradiction.
By Lemma 2, we have

) ({QTlv cee 7qrs}7gaiﬂjg) =94 ( 0 ({QTN ey q?"s}ag)v alﬂjg)

- = —

=4 ( 0 ( 0 (g)ag)vaiﬁjg)

= 6 (0 (99),B;9)
— —

= 6 (0 (9),2iBig)
—

= 0 (9a:B;9)

which is {gr,,..., gr,} by the assumption that E[gai, (Big,qr,)] =1for 1 < h <s.

Thus, there exists « such that 6(g,, , (92i3;9)") = (qr,, R) for all 1 < h < s. Similarly,
there exists y such that 6((9eufB;9),q1.) = (@, L) for all 1 < k < ¢. Therefore,
d(g9(9ifjg)™g) = 6(gg). Since gg is live, g(ga;3;9)"Yg is live and hence go; ;g is
live. |

Lemma 4 Let F' be an m X m matriz over the field of integers mod 2 such that if
i+j>m+1 then F[i,j]=1. Thenrank(F) > 1+ |{(i,5) | i+j =m, Fli,j] =0}

Proof. See Figure 1 for a picture of F when m = 15. The entries labelled 7 and
x consist of 0’s and 1’s. In the Appendix, we show that the matrix F' has the full
rank of m if all positions labelled ? hold the values 0’s. As a consequence, the rows
that have a zero entry in the position labelled 7, together with the row of all 1’s; are
linearly independent. We are done since the positions labelled ? are entries (4, j) such
that 1 4+ 7 =m. O

Lemma 5 Supposet > 0. Then rank(E’)) + rank((E) >m+ 1.
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[ % % % ok % ok % ok x % x % 7 1]
* % ok ok % *k ok * x *k x x 7 1 1
* ok ok ok ok ok ok ok x x x ¢ 1 1 1
* ok ok ok ok ok ok ok x x 7 1 1 1 1
* % ok ok ok ok ok x x 7 1 1 1 1 1
* % ok ok ok ok x x ¢ 1 1 1 1 11
* x *x x x x x 7 1 111111
* % % *x x x 72 1 1111111
* % % x x 2 1 11111111
* x x x 721 111111111
*+ x x 711111111111
* x 7111111111111
*+# 7?7 1111111111111
?11111111111111
11111111111 111T1,]

Figure 1: Structure of F when m is 15

Proof. Recall that each column of E is indexed by (8;9,4r,), where 1 < j < m
and 1 < h < s. By selecting from E one column for each group of s columns
indexed by {(8;9,4-,) | 1 < h < s}, we obtain a matrix F over the field of integers
mod 2 with rows and columns indexed by ¢ and j for 1 < 4,5 < m. The selections
are done as follows. If j = m, then we select any arbitrary column from the s

columns of E indexed by {(Bmg,aqr,) | 1 < h < s}. Otherwise, suppose j < m. Let
—
it =m — j. There are two cases. The first case is when E[gay, (89, ¢r,)] = 1 for all

1 < h <s. We select again any arbitrary column from the s columns of E indexed
by {(B;9,4r,) | 1 < h < s}. The second case is when there exists 1 < h’ < s such that

E[gai, (B39, ar,,)] = 0. We select the column indexed by (8,9, ¢r,,) from E as the

column indexed by j for F. Tt follows from the properties of E as stated in Lemma 3
— —

that if i +j > m + 1 then F'[i,j] = 1. That is, F' has the structure of F as given in
—

Lemma 4. Similarly, we can construct F' from E which also has the structure of F.

Let P ={(i,j) | i+j=m,1 <4,j <m}. By Lemma 3, if (¢,j) € P, then either one
— —
or both of F'[i,j] and F'[¢,j] is 0. Thus, by Lemma 4,
- = . . =4 . .
rank(F') +rank(F) > 14 |{(i,j) € P | F[i,j] =0} +
. . = . .
1+ [{(i,4) € P | Fli,j] = 0}]
> 2+ |{(0.) € P | Flirjl =0 or Flij] = 0}]
=2+|P|
=2+ (m-1)
=m+ 1.

— «— — «— — —
Therefore, rank( E')+rank(E) > m+1 since F' and F are obtained from F and E
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respectively by elementary operations. O

Lemma 6 Suppose t =0. Then rank(ﬁ) > m.

Proof. The proof is similar to that of the previous lemma. The difference is that we
— —
apply Lemma 4 only once to give rank(E) > rank(F) > 1+|P| =14+ (m—1) =m. O

Finally, we are ready to prove Theorem 1.

Proof. (Theorem 1) There are two cases to consider. The first case is when ¢ > 0.
—
Since E is derived from D by elementary row operations, we have

— —
rank(D) > rank( E).
— —
Since the rows of D are indexed by states in (J,-,-,, 0 (g9a;), we have

| U ?(Qai” > rank(ﬁ) > rank(ﬁ).

1<i<m

Similarly, | U << ?(ﬁjgﬂ > rank(i_)) > rank(f). As the left-going and right-going

— —
states are disjoint, the number of states is at least rank(E) 4+ rank(E) > m + 1.
The second case is when ¢t = 0. A simpler analysis shows that the number of states
—

is at least [U; <), 0 (900)] > rank(ﬁ) > m by Lemma 6. O

In Section 2, we required that, when a sweeping automaton wants to signal ac-
ceptance, it must enter a final state while moving right on the last symbol a,, before
detecting the right endmarker 4. We observe that the proof of the main result does
not rely on this specific requirement for acceptance. The result is still valid if we relax
the acceptance criterion allowing the sweeping automaton to signal acceptance after
it has detected the right endmarker.

4. Applications of Theorem 1

Sipser [12] introduced a technique, which was also used by Berman [1] and Micali [8]
for proving lower bounds on the size of sweeping automata. Using Theorem 1, we
give an alternate proof of Sipser’s result ([1], [8]) as presented in the next lemma.

Lemma 7 (Sipser) Let L be a language such that

1. If w € L, then all substrings of w are in L.
2. There exists a string x such that for all u,v € L, uxv € L.

3. There exists a string d € L and |d| = 2™ such that the removal of any non-empty
substring from d results in a string that is in L.

Then any sweeping automaton accepting L has at least 2™ — 1 states.
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Proof. From condition 1, we know that all live strings are in the language L. Since
all strings in L are live, the set of live strings is the same as the set of strings in L.
We can therefore rewrite condition 2 to state that there exists x such that for all
live strings u and v, uxv is live. Let d = ajas...asn where a; is a letter. For
1 <i <2"—1, we define o; = aqas...a9n_; and B; = a;42a;43...a9n. Thus,
a;B; = (a1az...a2n—;)(aj42aj43...a2n). Suppose i + j > 2". We deduce that
2" —i+1 < j+1. Thus, o;3; is live in L as it is obtained by removing the non-empty
substring agn 41 ...a; 41 from d. When i + j = 2" — 1 holds, then we have

aiﬂj = (a1a2 N agn,i)(aj+2aj+3 e agn)

= (CLlCLQ e (IQn_,L')(agn_i_‘_lagn_i_i_Q . agn)

which is not live as d ¢ L. Therefore, by applying Theorem 1, any sweeping automaton
for L requires at least 2" — 1 states. O

In [6], the next lemma is proved. Here we give a sketch of the proof using Theorem 1.
For a detailed proof, see [6].

Lemma 8 (Leung) Let L = (0 + 0(1*0)"~1)*. Any sweeping automaton for L has
at least 2™ — 1 states.

Proof. (Sketch) Let = 0™. One can show that for all live strings u, v, uzv is live.
In [5], it is shown that there exists wp for each nonempty set P C {1,2,...,n} such
that for any nonempty subsets P,Q C {1,2,...,n}, wpwq is live iff PN Q # 0. For
each nonempty set P C {1,2,...,n}, we can represent it as a positive integer ¢ whose
equivalent m-bit binary representation b, b,_1 ...by is defined by b; =1 if ¢ € P, and
b; = 0 otherwise. We denote wp equivalently as w; where i is the positive integer
that represents P.

Consider two positive integers ¢ and j such that i+ j = 2" — 1. As the n-bit binary
representations of ¢ and j are complementary, the corresponding two subsets P and @)
are disjoint. Therefore, w;w; is not live as wpwg is not live when PN Q = @. On the
other hand, suppose i + 7 > 2™. There must exist 1 < k < n such that the k-th bits
of the binary representations i and j are both one. Therefore, k € PN Q # (. Hence,
w;w; is live as wpwg is live. By defining o; = 3; = w; and applying Theorem 1, we
conclude that any sweeping automaton for L has at least 2" — 1 states. O

In general, it is easy to construct a language that requires an exponential number
of states for a sweeping automaton to denote the language. We illustrate the steps
using two examples.

Let L1 = {ay | =,y € {0,1}",i+ j > 2", where x and y are the binary representa-
tions of the integers i and j }. A sweeping automaton can denote L; in O(n?) states
by performing the addition logic in n passes over the input to inspect the two corre-
sponding positions of each of the n-bits in = and y. Let m = 2™ — 1. It is clear that
by identifying the x’s with a’s and the y’s as (’s, the second condition for Theorem 1
is satisfied. Let Lo = {w | w is a substring of some string in L;}. Note that ¢ € Lo
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and the set of live strings of Lo is exactly Lo. Let $ ¢ {0,1} be a new symbol. Let
L3 = (L2%)*. We can see that for all live strings v and v of L3, u$v is also live with
respect to Ls. Indeed, it is also true that the set of live strings of L3 is exactly Ls.
Moreover, the second condition of Theorem 1 still holds for L3. By Theorem 1, any
sweeping automaton for L has at least 2™ — 1 states.

As another example, we can re-define Ly = {zy | 2,y € {0,1}", 2 # y}. Following
the same technique as in the previous paragraph, we define Lz. For 0 < i < 2™ — 1,
let «; denote the n-bit binary string of value i, while §; is defined as a,,—; where
m = 2" — 1. In applying Theorem 1, we need only to consider «;, 3; for 1 < i < m;
that is, ag and §y are not considered. By Theorem 1, any sweeping automaton for L3
has at least 2" — 1 states.

5. Open Question

In [11], Schmidt introduced a technique, which we summarize in the following lemma,
for proving lower bounds for the size of unambiguous finite automata.

Lemma 9 Let L be a language. Suppose there exist strings «; and 3; for 1 <i < m.
Let A be an m x m matriz such that Ali,j] =1 if a;3; € L, and Ali, j] = 0 otherwise.
Then any unambiguous finite automaton for L has at least rank[A] states.

Specifically, Schmidt’s lemma can be used to prove the following lemma.

Lemma 10 Let L be a language and let o; and 3;, for 1 < i < m, be strings such
that

e a3, e Lifi+j>m+1,
o o €L ifi+j=m.
Then any unambiguous finite automaton for L has at least m states.

Proof. By Lemma 9 and the fact that the rank of A is m. ]

It is interesting to notice the similarity between the last lemma and the statement of
Theorem 1. One wonders if Theorem 1 can be generalized to a formulation that looks
like Schmidt’s technique as summarized in Lemma 9, which leads to the following
open question:

Let L be a language and let « be a string such that for all live strings u and v,
uzv is live. Suppose there exist strings «; and g; for 1 <i < m. Let A be an m x m
matrix such that A[z,j] = 1 if a;5; is live, and A[¢, j] = 0 otherwise. Is it true that
any sweeping automaton for L has at least rank[A] states?
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Appendix

Let F’ be an m x m matrix over the field of integers mod 2 such that if i +3j > m+1
then F'[i,j] = 1, and if i + j = m + 1 then F'[,j] = 0. As before, an entry labelled
* can hold 0 or 1. We want to show that F’ has the full rank m. A picture for F” is
given in Figure 2.

By adding the last row of F’ to each of the previous rows, we obtain a new ma-
trix F" which picture is illustrated in Figure 3.

In matrix ", the entries labelled *’s consist of the following index pairs:

(1,1),(1,2), ..., (Lm — 2),(2,1),(2,2),..., (2,m — 3),
(3,1),(3,2),...,(3;m—4),...,(m—4,1), (m — 4,2), (m — 3,1).
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k ok % ok ok ok ok ox ok sk ok % x 0 1
* % % ok % ok x x *x % *x x 0 1 1
¥ x % % % *k x *x x % x 0 1 1 1
* % % % ok *x % x x x 0 1 1 1 1
¥ x % *x % *x x x x 01 1 1 11
* % ok ok ok k x x 01 1 1 1 11
* % % *x *x x x 01 111111
¥ x % x x x 01 1 1 1 11 11
* % x x x 001 11111111
* x x x 01 111111111
* x x 01 1111111111
* x 01 11111111111
*» 01 111111111111
011111111111 111
111111111 111111

Figure 2: Structure of F’ when m is 15

L SR R R R SR S N CREE GRS
= O = % % ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ %X %
= O O = % ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ %X %
= O O O % ¥ ¥ ¥ ¥ ¥ ¥ ¥ %X %
= O O O O ¥ ¥ % ¥ ¥ ¥ X % %
O O O O O ¥ % ¥ ¥ ¥ X % %
O O O O OOk ¥ ¥ ¥ ¥ ¥ %X %
O OO OO OOk ¥ ¥ ¥ ¥ % %
H O OO OO O OO % % % % %
H O O OO OO OO O % % % %
H O OO OO O OO OO % % %
H O O OO ODODODODIDODOOO O % *
H O OO ODODODODODIDODIODODODOO O - *
H O OO OODODODODODODOODODoOoDoOooOo o
O OO OO oo o oo

Figure 3: Structure of F”' when m is 15

In a series of steps that involve elementary row transformations, we can turn all
x-labelled entries to 0’s in the order of

(I,m—=2),(1,m—=23),...,(1,1),(2,m—3),(2,m—4),...,(2,1),
3,m—4),3,m—=5),...,(3,1),...,(m—4,2),(m —4,1),(m — 3,1).

Initially, if the entry (1,m — 2) is not already of the value 0, we can turn it to 0 by
adding row 2 to row 1. Next, if the current entry (1,m — 3) is not already of the
value 0, we can turn it to 0 by adding row 3 to row 1. The technique can be repeated
to turn all x-labelled entries to hold 0’s. Therefore, we obtain a new matrix F"’ of
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the form as illustrated in the Figure 4.

00000O0OO0COO0OOOOOTO
00000O0OO0COO0OOOO0OT1TO0T®
00000OO0OO0COOO0OOT1O0GO 0O
00000OO0OO0OO0OO1TO0O0OO0OQO
00000OO0OO0COOT1TO0OO0OOOO0OQO
00000O0OO0CO1O0O0OO0OOOO0O®O
00000O0OO0C1TO0O0OO0OO0OOOO0O®O
0000O0OO0O1O0O0OO0OOO0OO0OO0O®O
0000O0O10O0OO0OO0OO0OO0OO0OO0O®O
000010O0O0OO0OO0OO0OO0OOOO0OQO
000100O0O0OO0OO0OO0OO0OOOGO0OO®O
0010000O0OO0OO0OO0OO0O0OO0O®O
010000O0O0OO0OO0OO0OO0OO0OGO0O®O

1000000O0OO0OO0CO0OO0O0OO0OO
111111111111111

Figure 4: Structure of F'"" when m is 15

By elementary row transformations, we can turn the last row of F’” to hold 0’s
except for the very last entry which has the value 1. The resulting matrix F"”, which

has the full rank, is illustrated in Figure 5.

00000O0OO0COO0OOOOOTOQO
00000O0OO0COO0OOOOT1TO0T®
00000OO0OO0COO0OO0OO0O1O0GO 0O
00000OO0OO0OO0OO11TO0O0OO0OQO
00000OO0OO0COOT1TO0OO0OOO0OOQO
00000O0OO0CO1O0O0OO0OOOO0O®O
00000O0OO0C1TO0O0OO0OO0OOOO0T®O
0000O0OO0O1O0OO0OO0OOO0OO0OO0®O
0000O0O10O0OO0OO0OO0OO0OO0OO0OQO
000010O0O0OO0OO0OO0OO0OO0OO0OQO
000100O0CO0OO0OO0OO0OO0OO0OGO0O®O
0010000O0OO0OO0OO0OO0OO0OO0O®O
010000O0O0OO0OO0OO0OO0OO0OGO0T®O

1000000O0OO0OO0CO0OO0OO0OO
0000OO0OO0OO0OO0OO0OO0OO0OO0O0O0T1

Figure 5: Structure of F""”/ when m is 15

(Received: October 20, 2008; revised: March 6, 2009)



