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Abstract—Influence among objects prevalently exists in graph
structured data. However, most existing research efforts detect
influence among objects from snapshots of homogeneous graphs.
In this paper, we study a new problem of detecting time-evolving
influence among objects from dynamic heterogeneous graphs. We
propose a probabilistic graphical model, Time-evolving Influence
Model (TIM), to capture the temporal dynamics of graphs, in
which the time-evolving influence is hidden, and to leverage
the information from heterogeneous graphs, with which we can
improve the learned knowledge. To learn the graphical model, we
design both non-parallel and parallel Gibbs sampling algorithms.
We conduct extensive experiments on both synthetic and real
data sets to show the effectiveness of the proposed model and
the efficiency of the learning algorithms.
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I. INTRODUCTION

Influence is prevalent among objects in graph structured data

such as social networks, citation networks, and co-authorship

graphs. For example, an author of a research article influences

and is influenced by other researchers. Discovering influence

among objects from graphs has gained increasing interests in

recent years [1]–[3].

Most research efforts in influence discovery use graph

snapshots. In other words, the graphs are assumed to be static.

However, this assumption is not consistent with the actual

situation where graphs keep changing. For example, in social

networks such as Twitter and LinkedIn, new users, new tweets,

and new connections are added to the networks every day. The

dynamic nature of graphs needs to be considered.

A heterogeneous graph [2], [4], [5] refers to a graph

containing different types of objects (nodes) and different

types of connections (edges). The influence among objects of

one type (e.g., Twitter users) is not only reflected in these

objects’ direct connections and their content similarities; it is

also hidden in their connections to other types of objects (e.g.,

tweets) in heterogeneous graphs.

This paper is to discover time-evolving influence among

objects from dynamic heterogeneous graphs which contain dif-

ferent types of graph nodes. We propose to build a probabilistic

model, Time-evolving Influence Model (TIM), to capture the

dynamic interactions among entities such as Twitter users and
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tweets. Then, through the learning of this probabilistic model,

we can derive the dynamic influence relationships among one

type of objects, Objects of Interests (OIs).

We focus on addressing two major challenges in formulating

TIM. The first challenge is to model the dynamic nature of

heterogenous graphs. In particular, we consider the situation

that specific types of nodes and edges are added to the

heterogenous graphs dynamically. To our best knowledge, the

dynamic nature of heterogenous graphs is not captured by

existing works. The second challenge is to learn the time-

evolving influence efficiently. Real world graphs, such as

social networks and citation networks, are huge. Designing

a learning algorithm that can discover the time-evolving influ-

ence from graphs remains a challenge.

To address the first challenge, we propose to utilize multino-

mial distributions to capture the discrete timestamps (dynam-

ics) that are associated with graph nodes. We also propose

to separate the OIs (e.g., users), among which we need to

derive the dynamic influence, and the facilitating objects (e.g.,

tweets), which are utilized to endorse the influence relationship

among OIs. The separation of objects of interest and facil-

itating objects helps address the first challenge. We design

efficient machine learning algorithms which can learn the

time-evolving influence from dynamic heterogenous graphs to

address the second challenge.

The contributions of this paper are as what follows. (i) We

formulate the a problem of finding time-evolving influence in a

general setting where graphs contain dynamic information and

heterogenous types of objects. (ii) We design a probabilistic

model, Time-evolving Influence Model (TIM), to capture the

time-evolving nature of the influence and the heterogeneity of

graphs. This model is not designed for a specific application.

Instead, it can be applied to general dynamic heterogeneous

graphs. (iii) We design a blocking Gibbs sampling approach

to learn TIM. We also propose a useful property and an

update strategy for the Gibbs sampling algorithm. Based on

the property and the update strategy, a parallel Gibbs sampling

algorithm is designed to further improve efficiency. (iv) We

demonstrate the effectiveness of TIM by conducting extensive

experiments on both synthetic and real data sets to show the

model validity and the evolving influence discovered from real

graphs. We also show the efficiency of the non-parallel and
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parallel learning algorithms.

The rest of this paper is organized as follows. Section II

defines the research problem and the related terminologies.

Section III and Section IV explain our model and the learning

algorithms respectively. Section V details our experimental

findings. Section VI discusses the related work. Finally, Sec-

tion VII is conclusion and future work.

II. PROBLEM DEFINITION

We use the term heterogenous graphs to denote the graphs

with different types of graph nodes and graph edges. We

focus on discovering the influence degrees together with their

changes over time among one type of objects, which is of the

users’ interest and forms a set VOI , from a heterogeneous

graph. The other types of objects in the graph form a set

of facilitating objects VOF . The objects in VOF are modeled

to endorse the influence among OIs. Categorizing the objects

in heterogenous graphs to VOI and VOF is useful in many

applications. For instance, people who study the relationships

of Twitter users (which are treated as objects of interest, OIs)

can utilize users’ tweets (which are modeled as facilitating

objects, OFs). Similarly, when studying the influence relation-

ships among authors (OIs) in coauthor networks, people may

utilize the papers that these authors wrote (OFs).

The edges among objects of interests are denoted as

EOI={vi→vj |vi∈VOI∧vj ∈ VOI}. The connections between

the objects of interests and facilitating objects form the set

EOIF ={vi → vj |vi ∈ VOI ∨ vj ∈ VOI} − EOI . Graph

edges that connect only objects in VOF are not considered

in our model because their contribution to the influence

relationships among objects in VOI is indirect. These two types

of edges cover most relationships in heterogenous networks.

For instance, in the Twitter network, EOI captures the follow
relationships among users (OIs) and EOIF captures the be-

haviors that users post tweets. In the coauthor network, EOI

captures the coauthor relationships among researchers (OIs)

and EOIF captures that authors publish papers.

A heterogeneous graph is defined as G=(Vh, Eh) where

Vh = VOI ∪ VOF , Eh = EOI ∪ EOIF with the constraints

of VOI ∩ VOF = ∅ and EOI ∩ EOIF = ∅.
Graph dynamics can be shown in different aspects: node ad-

dition/removal/change and edge addition/removal and change.

In this work, we consider a very common dynamics in social

networks and citation networks: adding new graph facilitating

objects and new relationships between OIs and OFs (e.g.,

a new tweet is added by a Twitter, or an author publishes

a new article). Other types of dynamics are less popular in

these two types of graphs. For instance, once the co-authorship

relationship was established, it will not be removed.

Let u and u′ be two objects in VOI . The time-evolving
influence u′ has over u, I(u′, u), is defined as the influ-

ence degrees together with the corresponding time with these

degrees. I.e., I(u′, u) = (I(u′ t1−→u), I(u′ t2−→u), · · · ), where

I(u′ ti−→u) ∈ (0, 1] for ∀i ≥ 1 and ti is the ith timestamp.

Given a heterogenous graph G=(Vh, Eh), our problem is

to learn I(u′, u) for every edge u′ → u in EOI .
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Fig. 1. Time-evolving influence model (TIM)

III. TIME-EVOLVING INFLUENCE MODEL

Sociology studies [6], [7] show that the behavior of graph

users depends on network structures. Merely using the content

of objects in graphs, for example TF-IDF, can not capture

the overall perspectives of the time-evolving influence. We

propose a graphical model, time-evolving influence model

(TIM), to capture the temporal interactions among objects in

a heterogeneous graph by taking both the object content and

graph structures into consideration. Our TIM, shown in Fig. 1,

describes the conditional dependence relationships among the

observed and latent variables. The meaning of the variables

is briefly described in Table I. The detailed corresponding

generative process for TIM is in Fig. 2. The left (or right)

hand side of the TIM represents the dependence relationships

among the variables for an influencing (or influenced) object

u′ (or u). Since an object can be influencing and be influenced

by other objects at the same time, TIM models such object as

both influencing and influenced object.

TIM models the interactions among the objects of interest

using two variables. First, an asymmetric boolean variable

b, following a Bernoulli distribution with parameter β, is

used to decide whether an object u is influenced by other

objects. Second, a multinomial distribution γ is used to draw

an influencing object u′ that influences u. Parameters β, γ
are object specific distributions. The intuition of choosing the

Bernoulli distribution to model the interactions is that, when

an OI is creating something (text in our problem definition),

each token of the text is either influenced or not influenced by

other OIs. For example, when a researcher writes an article,

this article’s content may come from his/her innovative idea

or from other papers that he/she read. Thus, this researcher is

implicitly influenced by other researchers. When a number of

researchers influence an author, they may influence this author

differently (i.e., with different weights). The influence weights

are captured by the multinomial distribution γ.

The objects in VOF are modeled through their connections

EOIF to the OIs. The content (tokens) of both OIs and their
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TABLE I
VARIABLES FOR TIME-EVOLVING INFLUENCE MODEL

Symbol meaning
u, u′ influenced object and influencing object in VOI

w, w′ token for u and u′ respectively
t, t′ observed timestamp for u and u′ respectively
b latent boolean variable

z, z′ latent topic for u and u′ respectively
R(u) the set of objects that influence u
T the number of distinct discrete timestamps
Z the number of distinct latent topics
W the number of distinct observed tokens in objects
U the number of objects of interests, i.e., |VOI |
�αφ length-W hyperparameter (αφ, · · · , αφ) to generate φ
�αθ length-Z hyperparameter (αθ, · · · , αθ) to generate θ
�ατ length-T hyperparameter (ατ , · · · , ατ ) to generate τ
�αγ length-L(U) hyperparameter (αγ , · · · , αγ) to gener-

ate γ, where L(U) = maxu(|R(u)|)
�αβ hyperparameter (α0, α1) to generate β

φ a Z ×W matrix with topic to word mixture
θ, θ′ a U × Z matrix with topic distribution
γ a U×L(U) matrix with influencing object distribution
β a U -vector for coin-toss distribution
τ a U × (L(U)+1)×Z×T matrix with the timestamp

distribution for all influenced objects on all the topics
τ ′ a U × Z × T matrix with the timestamp distribution

for all the influencing objects on all the topics

facilitating objects is modeled using the topic model [8]. For

each token w of an influencing OI or its facilitating objects,

there is a latent topic z representing its semantic meaning.

The token w is generated by a multinomial distribution φz

given z, which is generated by an object specific multinomial

distribution θ. The influenced OIs and their facilitating objects

are modeled in a similar way. The only difference is, if variable

b = 1, an influencing OI u′ is drawn using γ and the latent

topic z is drawn using θ′ of u′.
In dynamic graphs, an object of interest is associated with

many timestamps t (or t′) denoting the changes of this object.

E.g., a user (∈ VOI) writes different tweets (∈ VOF ) at

different time. When an object in VOF is created, every token

of the object is associated with a timestamp t (or t′) which is

an observed variable. For example, when a user u1 creates a

tweet o1 at time t1, all the tokens in o1 are associated with

timestamp t1. In this way, the TIM captures the dynamics in

heterogenous networks.

TIM models timestamps as discrete variables, which was

adopted in other works (e.g., [9]). The observed variable t (or

t′) conditionally depends on its latent topic z (or z′). For a

token w (or w′), given its latent topic z (or z′), its timestamp

t (or t′) follows an object specific distribution τz (τ ′z).

IV. LEARNING TIM

A. Gibbs Sampling Algorithm

We design a Gibbs sampling approach to learn the param-

eters of the graphical model TIM. To draw samples from the

joint distribution p(x1, · · ·xK) of K random variables, the

Gibbs sampling approach iteratively samples the value of one

1) for each latent topic z, draw topic to token mixture �φz ∼
Dirichlet(�αφ)

2) for each influencing object u′ ∈ {u′|u′ → u ∈ EOI}
a) for each topic z, draw �τ ′

u′,z∼ Dirichlet(�ατ )

b) draw latent topic distribution �θ′ ∼ Dirichlet(�αθ)
c) for each position i of object o′ ∈ {o′|u′ → o′ ∈ EOIF }

i) draw latent topic z′i ∼ Multinomial(�θ′)
ii) draw timestamp t′i ∼ Multinomial(�τ ′

u′,z′i
)

iii) draw token w′
i ∼ Multinomial(�φz′i

)

3) for each u ∈ {u|u′ → u ∈ EOI}
a) draw time distribution �τu,u′,z ∼ Dirichlet(�ατ ) for each topic

z and influencing u′ ∈ {R(u) ∪ u},
b) draw coin-toss distribution β ∼ Beta(�αβ)
c) draw influencing user distribution �γu ∼ Dirichlet(�αγ)

d) draw latent topic distribution �θ ∼ Dirichlet(�αθ)
e) for each position i of object o ∈ {o|u → o ∈ EOIF }

i) draw bi ∼ Bernoulli(β)
ii) if bi = 0

A) draw latent topic zi ∼ Multinomial(�θ)
B) draw timestamp ti ∼ Multinomial(�τu,u,zi )

C) draw token wi ∼ Multinomial(�φzi )

iii) if bi = 1

A) draw influencing u′
i ∼ Multinomial(�γu)

B) draw latent topic zi ∼ Multinomial(�θ′)
C) draw timestamp ti ∼ Multinomial(�τu,u′

i,zi
)

D) draw token wi ∼ Multinomial(�φz′i
)

Fig. 2. Generative process

variable xi by drawing from the probability distribution of this

variable conditioned on the values of the remaining variables

{x1, · · · , xi−1, xi+1, · · · , xK}, which is denoted as x¬i. I.e.,

xi is drawn from p(xi|x¬i).

p(�w, �w′,�t, �t′, �z, �z′, �u′,�b|�αθ, �αβ , �αγ , �ατ , �αφ)

=

∫
p(�w, �w′|�z, �z′;φ) · p(φ|�αφ) dφ

·
∫

p(�t, �t′|�z, �z′, �u′;�τ , �τ ′) · p(�τ |�ατ ) · p(�τ ′|�ατ ) d�τ �τ ′

·
∫

p(�z, �z′|�u′,�b; �θ,Θ′) · p(�θ|�αθ) · p(Θ′|�αθ) d�θΘ
′

·
∫

p(�u′|γ) · p(γ|�αγ) dγ ·
∫

p(�b|β) · p(β|�αβ) dβ

(1)

A critical component in learning a model through Gibbs

sampling approach is the derivation of the distributions of

every variable conditioned on the other variables. Let Ω denote

the set of all the latent and observed variables. I.e., Ω =
{�w, �w′,�t,�t′, �z, �z′, �u′,�b}. The joint probability of all the vari-

ables is derived as Eq. (1), given the dependence relationships

of variables in Fig. 1. All the symbols used in the derivation

are summarized in Table I. When deriving the equations, we

use the variables’ vector notations in [10] to represent a set

of variables. Fig. 3 shows the conditional distributions that

we derived for each variable. Due to space limitation, we do

not include all the theoretical proof and derivation steps here.

These details can be found in technical report [11]. In partic-

ular, the derivation steps of equations in Fig. 3 can be found

in Sections 3.1 and 3.2 [11]. In these conditional distributions,

the count Nx1,x2,··· ,xK
(val1, val2, · · · , valK) refers to the

number of samples for x1=val1, x2=val2, · · · , xK=valK .
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The detailed meaning of each count is also shown in Table 2

of [11]. The Gibbs sampling algorithm updates the conditional

probability using the equations in Fig. 3 and updates the

different counts Nx1,x2,··· ,xK
(val1, val2, · · · , valK) in each

iteration following the generative process. The steps of the

Gibbs sampling algorithm are detailed in Section 3.3 of [11].

Gibbs sampling algorithms can be implemented differently.

To improve the efficiency, we implement our algorithm using

a blocking strategy [12], which samples several variables

together as a block, conditioned on the remaining variables.

Complexity. For an influenced user u, we need to sample the

latent topics and possible influencing users. For an influencing

user u′, only the latent topics need to be sampled. Thus, the

total asymptotical time complexity of the sampling process for

one iteration is O(L′ · Z + L · Z · L(u)), where L′ and L are

the total number of tokens (or positions) in the influencing and

influenced objects respectively.

B. Parallel Gibbs Sampling Algorithm

Fast inference algorithms [13]–[15] and parallel algo-

rithms [16]–[18] were proposed to learn topic models by

taking advantage of the access patterns of topic models or

the weak dependencies among variables. However, directly

applying these topic-model learning algorithms to TIM is not

straightforward because TIM models more variables and more

complex relationships than the basic topic models.

Directly parallelizing the Gibbs sampling algorithm de-

scribed above by drawing each variable concurrently is not

efficient. The Gibbs sampling algorithm needs to draw samples

for each variable iteratively by utilizing the updating equations

shown in Fig. 3. The update of one count blocks the sampling

of the other variables that also depends on this count. For

example, after we draw zi using Eq. (6) we need to update the

counts Nz,w, N
′
z′,w′ , Nz, N

′
z′ used in Eq. (6). Because these

counts are also used in Eq. (7), the sampling of variable z′i will

be blocked until all the counts used in Eq. (6) are updated.

However, the sampling of bi, u
′
i in Eq.s (2) (3) (4) are not

blocked by the count updating in Eq. (6). This is because the

counts used in Eq.s (2) (3) (4) are not used in Eq. (6).

Let us use shared counts to denote the counts that are used

in the calculations of multiple conditional probabilities. We

also use s-variable to denote a variable whose conditional

probability calculation uses shared counts. If the variables in

Fig. 3 are sampled in parallel using multiple threads, once

the sample for one s-variable xi is drawn, the threads running

the sampling processes of other s-variables that use the same

shared counts as xi need to wait. These threads can continue

only after all the shared counts used by xi are updated. We

call the procedure of updating shared counts synchronization
in our problem context. The synchronization of the shared

counts blocks the calculations of the conditional probabilities

of s-variables. Thus, directly parallelizing the sampling process

will suffer from synchronization overhead.

We observe a useful property that help us to design the

parallel Gibbs sampling algorithm.

Object-dependent property. A conditional probability is object-
dependent when its calculation depends on counts of only one

object, but does not depend on shared counts.

In our problem, the conditional probabilities that satisfy

object-dependent property are Eq.s (2) (3) (4). Thus, they can

be calculated in parallel without synchronization. However,

the counts Nz,w, N
′
z′,w′ , Nz, N

′
z′ are shared counts, thus they

need to be synchronized.

To reduce the synchronization overhead of shared counts,

we propose a lazy-update strategy to update the shared counts.

Typical Gibbs sampling algorithms immediately update the

counts after drawing samples for each variable. This im-

mediate updating creates much synchronization overhead in

parallel algorithm design. Newman et al. [18] first investigate

distributed algorithms for topic models, in which the shared

counts are copied into different sampling threads and the

shared counts are updated after all threads terminate. Inspired

by their work, we propose a strategy as following.

Lazy-update strategy for shared counts. Our strategy up-

dates shared counts in a lazy way. In particular, when drawing

samples for the variables in parallel, the shared counts stay the

same during one iteration of the Gibbs sampling. And they

are only updated after finishing drawing samples for all the

variables in one iteration. Experimentally (Section V-F Fig. 11

(a)), we show that this strategy can achieve similar effect as our

serial Gibbs sampling algorithm, which verifies the correctness

of this parallel algorithm.

Our parallel Gibbs sampling algorithm is designed by

utilizing the object-dependent property and the lazy-update

strategy for shared counts. The procedure of the parallel Gibbs

sampling algorithm is illustrated in Fig. 4. For each object of

interest u ∈ VOI , a thread is created to sample the variables

for all the tokens in the profile of u. For a heterogeneous

graph containing U (U=|VOI | as defined in Table I) objects of

interest, the parallel algorithm creates U threads. The threads

for all the objects of interest are submitted to a thread pool of

a fixed size (# of cores). Among these U threads, only a few

number (# of cores) of threads are actually running. The other

threads are either terminated or waiting. Within one thread, the

non-parallel Gibbs sampling algorithm is used to draw samples

for the variables. The counts in object-dependent conditional

probabilities are updated after each variable is sampled be-

cause these counts do not block sampling. However, the shared

counts are fixed and not updated before all threads terminate.

The shared counts are updated after all the threads terminate.

The updated shared counts are used in the next iteration of the

parallel Gibbs sampling algorithm until convergence.

C. Derivation of influence over time

The influence that u′ has over u at timestamp t, I(u′ t−→u), is

derived from the learned parameters of TIM. Let x[idx1,··· ,idxd]

represent the learned value of the d-dimensional variable x at

index idx1, · · · , idxd. E.g., γ[u1,u′
2]

(= γ[u1][u
′
2]) denotes the

value in the matrix γ when the influenced user is u1 and the

influencing user is u′
2. I(u′ t−→u) is represented as p(u′|t, u).

Using Bayes’ rule, we can derive Eq. (8).
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p(bi = 0|Ω − {bi}) ∝ Nu,b(ui, 0) + α0 − 1

Nu(ui) + α0 + α1 − 1
· Nu,z,b(ui, zi, 0) + αθ − 1

Nu,b(ui, 0) + Zαθ − 1
· Nu,z,t,b(ui, zi, ti, 0) + ατ − 1

Nu,z,b(ui, zi, 0) + Tατ − 1
(2)

p(bi = 1|Ω − {bi}) ∝ Nu,b(ui, 1) + α1 − 1

Nu(ui) + α0 + α1 − 1
· Nu′,z′,b(u

′
i, zi, 1) + Nu′,z′ (u

′
i, zi) + αθ − 1

Nu′,b(u′
i, 1) + Nu′ (u′

i) + Zαθ − 1
· Nu,u′,z,t,b(ui, u

′
i, zi, ti, 1) + ατ − 1

Nu,u′,z,b(ui, u′
i, zi, 1) + Tατ − 1

(3)

p(u
′
i|Ω−{u′

i, bi}, bi=1)∝ Nu,u′,b(ui, u
′
i, 1)+ατ −1

Nu,b(ui, 1) + R(u)ατ − 1
·Nu′,z′,b(u

′
i, zi, 1)+Nu′,z′ (u

′
i, zi)+αθ−1

Nu′,b(u′
i, 1) + Nu′ (u′

i) + Zαθ − 1
·Nu,u′,z,t,b(ui, u

′
i, zi, ti, 1)+ατ −1

Nu,u′,z,b(ui, u′
i, zi, 1) + Tατ − 1

(4)

p(zi|Ω−{zi, bi}, bi = 0) ∝ Nz,w(zi, wi) + Nz′,w′ (zi, wi) + αφ − 1

Nz(zi) + Nz′ (zi) + Wαφ − 1
· Nu,z,b(ui, zi, 0) + αθ − 1

Nu,b(ui, 0) + Zαθ − 1
· Nu,z,t,b(ui, zi, ti, 0) + ατ − 1

Nu,z,b(ui, zi, 0) + Tατ − 1
(5)

p(zi|Ω−{zi, bi}, bi=1)∝ Nz,w(zi, wi)+Nz′,w′ (zi, wi)+αφ−1

Nz(zi) + Nz′ (zi) + Wαφ − 1
·Nu′,z′ (u

′
i, zi)+Nu′,z′,b(u

′
i, zi, 1)+αθ−1

Nu′ (u′
i) + Nu′,b(u′

i, 1) + Zαθ − 1
· Nu,u′,z,t,b(ui, u

′
izi, ti, 1)+ατ −1

Nu,u′,z,b(ui, u′
i, zi, 1) + Tατ − 1

(6)

p(z
′
i|Ω−{z′

i}) ∝ Nz,w(z′
i, w

′
i) + Nz′,w′ (z′

i, w
′
i) + αφ − 1

Nz(z′
i) + Nz′ (z′

i) + Wαφ − 1
· Nu′,z′ (u

′
i, z

′
i) + Nu′,z′,b(u

′
i, z

′
i, 1) + αθ − 1

Nu′ (u′
i) + Nu′,b(u′

i, 1) + Zαθ − 1
· Nu′,z′,t′ (u

′
iz

′
i, t

′
i) + ατ − 1

Nu′,z′ (u′
i, z

′
i) + Tατ − 1

(7)

Fig. 3. Gibbs sampling updating equations (ui in Eq.s (2)-(6) refers to the influenced user for which the variables are sampled; u′
i in Eq. (7)

refers to the influencing user for which the variables are sampled.)

Fig. 4. Diagram of parallel Gibbs sampling algorithm

p(u′|t, u) ∝ p(t|u′, u) · p(u′|u) = (
∑
z

τ[u,u′,z,t]) · γ[u,u′] (8)

The Bayesian estimation of γ and τ is calculated according to

Eq. (9).

p(�γ|�u′; �αγ) =
p(�u′|�γ)·p(�γ|�αγ)

p(�u′; �αγ)
∝

∏
u

∏
u′∈R(u)

γ
Nu,u′,b(u,u

′,1)+αγ−1

u,u′

Δ( �Nu,u′,b + �αγ)

�γu ∼ Dir( �Nu,u′,b=1+�αγ)

�τu,u′,z ∼ Dir(�τu,u′,z| �Nu,u′,z,t,b=1 + �ατ )
(9)

The parameters γ and τ in Eq. (8) are substituted with their
expectation values. Then, I(u′ t−→u) is rewritten as Eq. (10).

A detailed proof and derivation of Eq. (10) are presented in
Section 4 of the technical report [11].

I(u′ t−→u)∝
(∑

z

Nu,u′,z,t,b=1+ατ

Nu,u′,z,b=1+Tατ

)
· Nu,u′,b=1+αγ

Nu,b=1+L(u)αγ
(10)

Inspired by [2], which discovers topic level influence

Φu(u
′|z) representing the scalar influence value from u′ to u

on topic z, we define topic-level time-evolving influence as the

influence degrees together with the corresponding time on a

specific topic. I.e., Iz(u′, u) = (I(u′ t1−→
z

u), I(u′ t2−→
z

u), · · · ),
where I(u′ ti−→

z
u) ∈ (0, 1] (∀i ≥ 1) represents the influence

from u′ to u on topic z at timestamp ti. The topic-level

influence can show the influence in different dimensions. For

example, on citation networks, even if the overall influence

from author u′ to author u stays the same over time; the

influence on different topics may change over time.
Similar to the derivation of Eq. (10), the topic level influence

I(u′ t−→
z

u) is derived as

I(u′ t−→
z

u)∝ Nu,u′,z,t,b=1+ατ

Nu,u′,z,b=1+Tατ
· Nu,u′,b=1+αγ

Nu,b=1+L(u)αγ
(11)

V. EXPERIMENTAL RESULTS

A. Data sets

Synthetic data. We generate a synthetic data set using the

RMAT algorithm in [19] since it can generate graphs similar

to real world social networks. The synthetic graph has ∼ 300

objects of interest and ∼ 50K facilitating objects. The content

of these objects is generated using the generative process in

Fig. 2 with W=1000, Z=10, and T=100. The hyperparameters

are set to be αθ = 0.1, ατ = 0.01, αφ = 0.0001, αβ = 0.5,

αγ = 0.05. Thees hyperparameter values are set to be less than

1 because the Dirichlet distribution with small hyperparameter

values (less than 1) generates a sparse multinomial distribution

(Fig. 5(a)) while larger hyperparameter values generate dense

distributions (Fig. 5(b)). A sparse multinomial distribution

means that most words have very small probability (close to

zero) to occur which is consistent with the observations in

topic models [8].
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Fig. 5. φ distribution generated using different αφ

Twitter50000 data is crawled from the Twitter website from

Oct. 1 2014 to May. 18 2015. It contains 50000 Twitter users

and their recent 200 tweets. The total number of tokens is

∼90M and the number of distinct tokens is ∼200K. Each
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Twitter user in this data set follows ∼200 users on average.

Then, we extract subgraphs with 100, 500, 1K, 2K, 5K, 10K,

20K, 30K and 40K users. These nine subgraphs are used to

conduct the scalability test of both non-parallel and parallel

Gibbs sampling algorithms.
DBLP data. We extract heterogeneous co-authorship and

citation graphs from an augmented DBLP data set [20]. This

small graph, denoted as Cite1000, contains ∼1.5K authors

with ∼100K articles, in which there are ∼10K distinct tokens

and ∼4M tokens in total.

B. Evaluation measures
Let an object u consist of a list of tokens with associated

timestamps, which come from the facilitating objects con-

nected with u in VOF ({o|u → o ∈ EOIF , u ∈ VOI}). Then

u can be represented as (w1, t1), · · · , (wn, tn) where n is the

number of tokens for u.
(1) Log-likelihood is commonly used to measure the probabil-
ity that the observed data is generated from a set of parameter
values. The log-likelihood (llh) for an influencing object u′
and an influenced object u is calculated as follows.

llh(Ω|u′) = p(u′|Ω) = ∏
(w′,t′)∈u′

∑
z′

θ′[u′,z′] · φ[z′,w′] · τ ′
[u′,z′,t′]

llh(Ω|u) = p(u|Ω) = ∏
(w,t)∈u

((1−β[u])(
∑
z

θ[u,z] ·φ[z,w] ·τ[u,u,z,t])
+β[u](

∑
u′

∑
z

γ[u,u′] · θ′[u′,z] · φ[z,w] · τ[u,u′,z,t]))

(2) Perplexity measures how well a probability distribution

predicts a sample. The perplexity for u′ and u is calculated as

perp(u′) = e−(log p(u′|Ω))/n′
and perp(u) = e−(log p(u|Ω))/n.

(3) Kullback-Leibler(KL) divergence is a non-symmetric

measure of the difference between two probability distribu-

tions. The smaller KL divergence of two distributions is, the

closer these two distribution are from each other. We use it to

measure the difference of the learned parameter values (e.g.,

φ̂) from the ground truth values of a parameter (e.g., φ), which

is used to generate the synthetic data. The KL divergence

of the learned φ̂ from the ground truth φ is calculated as

DKL(φ||φ̂) =
∑

i φ(i)ln
φ(i)

φ̂(i)
.

(4) Retweet prediction. Inspired by [21]–[23], we conduct

retweeting predictions to show that the temporal influence

relationships we learned is effective.
We first define the retweet prediction problem. When an

influencing user u′ posts a new tweet o at time t′, we can use

the probability learned from our model to estimate whether

another user (which may be influenced by u′) will retweet it

in a future time t (t > t′). The retweet prediction problem

becomes a binary classification problem.
We define two probabilities for each token w for an object o

that is written by a user u at time t. When w is a newly created
token, the probability is calculated using Eq. (12). When w is
created through retweeting, the probability is derived through
Eq. (13). In these two equations, the conditional probabilities
represent the posterior.

p0(u, o, w, t) = p(u creates a new token w at t)

=
∑
z

p(b=0|z, u, w, t) · p(z|u,w, t)

=
∑
z

(1− β[u]) · θ[u,z] · τ[u,u,z,t] · φ[z,w]

(12)

p1(u, u
′, o, w, t) = p(u retweets w from u′

at t)

=
∑
z

p(b=1|z, u′, u, w, t) · p(z|u′, u, w, t)· (u′|u,w, t)

=β[u] · γ[u,u′] · (
∑
z

θ′[u′,z] · τ[u,u′,z,t] · φ[z,w])

p1(u, o, w, t) =
∑

u′∈R(u)

p1(u, o, u
′, w, t)

(13)

For each tweet o, we maintain two counts b0 and b1 for

the positions that b is predicted as 0 and 1. In particular, if
p0(u,o,w,t)
p1(u,o,w,t) > δ0, count b0 is incremented; otherwise, b1 in

increased by 1. After scanning over all the tokens in tweet o,

if b1
b0 ≥ δ1, we predict tweet o to be newly created; otherwise,

o is predicted to be retweeted. In our experiments, the mean

value of the learned β is used for δ1. δ0 value is tuned with

different values to get better results. In our experiments, δ0 is

set to 0.31 after parameter tuning.
(5) Time-evolving influence is plotted for users in DBLP data.
(6) Model running time and speedup ratio is reported to

show the efficiency and scalability of the learning algorithm.

C. Validity of the model
We examine the convergence and the correctness of our

learning algorithm by using a simulation with a similar idea

in [9] [24]. In the simulation, the Gibbs sampling algorithm is

performed on the Synthetic data. The parameters that are used

to generated the Synthetic data are treated as the ground truth.

Comparison between the parameters learned by the proposed

Gibbs sampling algorithm and the ground truth are presented

to validate the proposed model.
Convergence of the learning algorithm. We check the

convergence of the sampling process by examining the trend of

the log-likelihood and the perplexity (Fig. 6). The process con-

verges after about iteration 500 since both the log-likelihood

and the perplexity stabilize after that.

Fig. 6. Log-likelihood and perplexity (Synthetic data set)

(a) KL-divergence (b) Rearranged KL-divergence

Fig. 7. KL-divergence (Synthetic data set)

Correctness of the learning algorithm. To show the correct-

ness of the proposed Gibbs sampling algorithm, we plot the
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KL divergence of the learned parameters φ̂ from the ground

truth values φ (p(t|z)). Fig. 7 shows the KL divergence of all

the φ̂ms (learned parameters) from all the φns (ground truth

parameters), where m,n ∈ {1, . . . Z}. The x and y axes are

the indexes for φ and φ̂ respectively. The darker the pixel at

(m,n) is, the smaller the KL-divergence of φ̂m from φn is

which means the more similar φ̂m is to φn.

Fig. 7(a) shows the KL-divergence between each pair of φ̂m

and φn. After rearranging the columns in Fig. 7(a), we get

Fig. 7(b). For each φn, its corresponding learned parameter

is φ̂m with the minimal KL divergence. As shown in Fig. 7,

each learned parameter φ̂m has a unique matching ground truth

parameter φn. These results indicate that our algorithm can

correctly learn the knowledge from data.
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(c) Iteration 200

Fig. 8. Learned φ̂3 vs. ground truth φ5 on Synthetic data

We further examine the details of the learning process by

plotting φ̂3 and its matching ground truth φ5 in Fig. 8. At the

beginning of the learning process, φ̂3 is very random and does

not match well with φ5. As the learning process continues, φ̂3

quickly stabilizes and converges to φ5, which is consistent with

the trend of log-likelihood and perplexity in Fig. 6. After the

model converges, most values are close to zero because the

hyperparameter values that are used to generate the ground

truth parameter are 0.01. Other parameters in the model show

similar behaviors.

D. Retweet Prediction

Naive baseline. We design a naive baseline method to

predict the retweeting behavior. This baseline method utilizes

the similarity in tweets by leveraging a temporal factor, which

is denoted as a time-dependent text similarity. Given a user

u, a timestamp t, and a time window q, �uq
t represents the

tf-idf text vector of the tokens in all the objects which are

created by u within the time interval [t− q, t+ q]. Given a

time window q, the time-dependent text similarity between a

user u and a tweet o (which is written at time t) is defined

as tsimq(u, o, t) = cosine(�o, �uq
t ). When q = ∞, we are

comparing the text similarity between u and o. For each test

tweet otest posted by a specific user u, if tsimq(u, otest, t) ≥
tsimq(u

′, otest, t) for ∀u′, the tweet otest is predicted as self

posted; otherwise, otest is predicted as being retweeted.

LRC-BQ [23]. LRC-BQ is the state-of-the-art retweet

behavior prediction model. LRC-BQ uses logistic regression

model to predict retweet behavior. The features that LRC-

BQ utilizes are structure and content features from social

networks. However, LRC-BQ does not take consider any

temporal features that can describe the graph dynamics.

On Twitter1K data set, we reserve ∼200 tweets as test

objects, where half of these objects are retweeted tweets and

the other half are self-posted tweets. For our model, we first

learn the model parameters by running the algorithm presented

in Section IV-A. Then, we make predictions by Eq.s (13) and

(12). The prediction accuracy is reported in the TIM row in

Table II. For the naive baseline approach, we make predictions

based on the procedure described above by varying different

time windows q. In Table II, the tf-idf rows report the results

from the naive baseline approach and the LRC-BQ row shows

the results reported by [23].

TABLE II
COMPARISON OF RETWEET PREDICTION PERFORMANCE

model accuracy precision recall F1

tf-idf (q = ∞) 0.55 0.55 1 0.71
tf-idf (q = 5) 0.65 0.55 0.8 0.65
tf-idf (q = 3) 0.65 0.55 0.8 0.65
tf-idf (q = 1) 0.65 0.56 0.8 0.66

LRC-BQ 0.71 0.69 0.77 0.73
TIM 0.7 0.7 0.78 0.74

The results show that the proposed TIM outperforms the

baseline approaches. However, we also observe that the

retweeting accuracy of TIM is not high on the absolute value.

As future work, we will design more accurate retweeting

prediction strategy. For the naive baseline approach, a higher

prediction accuracy can be achieved when using a smaller time

window (i.e.., a smaller q). It is consistent with the intuition

that retweets happens in the near future. Our retweet prediction

strategy performs similar to (slightly better than) the LRC-BQ

approach. Note that our TIM detects time-evolving influence

which LRC-BQ is not able to discover.

E. Case studies on time-evolving influence

Case studies are conducted to show that TIM can capture

the overall and topic-level time-evolving influence between

researchers. We perform TIM on Cite1000 and choose four

TABLE III
TOP 15 WORDS FROM 3 TOPICS z4 , z8 , AND z14

topic top 15 words
z4 query, model, search, stream, web, show, online, one, use,

find, match, information, data, structure, user
z8 method, graph, large, data, real, mine, pattern, propose, find,

use, analysis, time, cluster, set, correlate
z14 query, data, database, xml, tree, optimization, efficiency,

join, index, path, text, process, technique, update, evaluation
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TABLE IV
OVERALL INFLUENCE BETWEEN S AND P (TRUNCATED TO 2

DIGITS)

year 2005 2006 2007 2008 2009
influence from S to P 0.07 0.12 0.07 0.25 0.09
paper # that P cited S 3 4 2 11 3
paper # that P cited in
total

119 55 154 220 156

influence from P to S 0.00 0.00 0.00 0.00
paper # that S cited P 1 1 1 7
paper # that S cited in
total

98 144 118 236

researchers (whom we can verify subjectively) out of the

∼1.5K authors to exemplify the learned knowledge. The first

pair of researchers we chose are “Jimeng Sun” (S for short)

and “Spiros Papadimitriou” (P for short), because they pub-

lished reasonable number of articles for analysis: the author S

published 47 articles with the focus on time series and graph

mining, and the researcher P published 41 articles on mining

streaming data and dynamic graphs.

TIM can easily capture the overall time-evolving influence
among users. Table IV shows the overall influence (Eq. (10))

and the citation counts between S and P. The influence from S

to P fluctuates over time from 2005 to 2009. This is consistent

with the times that P cited S. On the other hand, the influence

from P to S is low (close to zero) over time because S cited P

only once in these years (except 2008). In 2008, the influence

from P to S is low because S cited other researchers 236 times,

out of which S cited P only 7 times. The influence degree 0

is the actual influence rounded to two digits. This zero value

does not mean that the influence does not exist. It indicates

there is a weak influence from P to S from 2005 to 2008.

TIM can capture the topic-level time-evolving influence

(Eq. (11)), which cannot be extracted from citation counts.

Fig. 9(a) shows how the influence between researchers S

and P evolves on topic 4 (z4 in Table III, interpreted as

“query streaming data”) and topic 8 (z8, interpreted as “mining

time series and graphs”). The figure shows that the influence

between authors is not symmetric, which is consistent with

the reality. On topic z4, the influence from S to P (dashed

blue line) and from P to S (dashed red line) is constantly

low since P does not work on z4. I(S
t−→
z4

P ) (the influence

from S to P) is slightly higher than I(P
t−→
z4

S) because P is

influenced by more researchers than S (i.e., |L(P )| > |L(S)|).
According to Eq. (10), the influence is bigger when L(u) is

smaller. On topic z8, the influence from P to S (solid green

line) is constantly low because S cited only one paper each

year from P on z8. Different from this trend, the influence

from S to P on z8 (solid purple line) keeps increasing. This

trend is consistent with the publication records of S and P on

topic z8, which keep increasing from year 2006 to 2009.

The TIM model is able to discover long-term evolving
influence which may fluctuate. We show the results for the

second pair of researchers “Jennifer Widom” (JW) and “Jon

Chomicki” (JC) who have long publication history (1986-

2010) in the database area. Fig. 9(b) shows that the influence

from JW to JC on z14 (Table III, interpreted as “XML query

processing”), reaches peak at 1999, which is consistent with

the research trend in topic z14. While the influence from JC

to JW keeps low over time because JW did not cite any paper

from JC. Case studies on Twitter data show similar results,

which are omitted due to space limitation.

(a) Influence between S and P (b) Influence between JC and JW

Fig. 9. Topic-level time-evolving influence between researchers

F. Efficiency
This section demonstrates the efficiency of the algorithms

presented in Section IV.

(a) Time per iteration vs. data
size

(b) Time per iteration vs. model
complexity

Fig. 10. Efficiency of non-parallel Gibbs sampling algorithm (Twitter data)

Fig. 10 shows the running time of our sampling algorithm per

iteration on Twitter50000 data set. Fig. 10(a) and (b) show that

the per-iteration running time grows linearly in the number of

OIs in the graphs and the number of latent topics respectively.

All these experimental results are consistent with our time

complexity analysis in Section IV.
We design experiments to show the performance of the

parallel Gibbs sampling algorithm (to learn TIM). Fig. 11(a)

compares the log-likelihood of the models that are learned

using the non-parallel and the parallel Gibbs sampling al-

gorithms on Twitter50000 data set. There is no essential

difference between the log-likelihood values of the models.

The similar log-likelihood values indicate that the parallel

algorithm can correctly learn the TIM model as the non-

parallel one. Figs. 11(b-d) show the efficiency of the parallel

algorithm that we describe in Section IV-B. Both the non-

parallel and the parallel Gibbs sampling algorithms are tested

on the Twitter50000 data set and its nine sub-graphs. We

compare the speedup ratio of our parallel algorithm with the

ideal parallel speedup ratio. The ideal speedup ratio of a

parallel algorithm running on n cores over its corresponding

serial algorithm is n, according to Amdahl’s Law [25]. It

can be achieved when each step of a serial algorithm can be

parallelized.
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(a) Log-likelihood (b) Speedup vs. number of cores

(c) Speedup vs. data size (d) Speedup vs. model complex-
ity

Fig. 11. Scalability of parallel Gibbs sampling algorithm (Twitter data)

Fig. 11(b) shows the speedup ratio of the parallel Gibbs

sampling algorithm with the increase of the number of cores

that are used in running the parallel algorithm. When the

number of cores is small (2-8), the speedup ratio is close

to ideal. When the number of cores is more than eight, the

speedup ratio is a little less than the ideal ratio. This decrease

of performance is due to the overhead of thread scheduling

and communication costs. Despite the decrease, it is observed

that the speedup ratio still grows linearly in the number of

cores. Overall, Fig. 11(b) shows that the speedup ratio of our

parallel algorithm scales well in the number of cores.

We also test the performance of the parallel sampling

algorithm on various sizes of data to demonstrate how the

algorithm scales in the increase of graph sizes. For this test,

we fix the number of cores to be four, and utilizing the

Twitter50000 and its nine sub-graphs. The results are shown

in Fig. 11(c). The figure shows that the parallel algorithm is

only about twice faster than its non-parallel counterpart on

small data sets. It is because the thread scheduling overhead

takes more time than the computation time on small data sets.

When the data set size grows, the speedup ratio of the parallel

algorithm becomes close to ideal (four). This indicates that

the parallel algorithm has better speedup on larger data sets.

This figure also shows that the parallel implementation scales

well on real world large data sets.

We further test how the parallel algorithm scales when

changing the model complexity (in particular, the number

of latent topics Z). We fix the number of cores to be six

and the data set to be Twitter50000. The results are shown

in Fig. 11(d). It shows that when the model becomes more

complicated (with a larger Z), the parallel Gibbs sampling

can achieve better speedup ratio. We also observe that the

performance of the parallel sampling under different model

complexities is close to the ideal speedup ratio. This demon-

strates that the parallel Gibbs sampling algorithm can achieve

better speedup ratio when the model complexity increases.

VI. RELATED WORKS

Several probabilistic models are proposed to capture influ-

ence among objects from static homogeneous graphs. Dietz

et al. [1] present a graphical model to learn the citation

influence that one research article has over the other research

articles. Hu et al. [3] introduce aspect-level influence models

to detect both influence aspects and the influence degrees on

specific aspects from graphs. Kataria et al. [21] [26] present a

generative process to model correlations among linked corpus.

These works create probabilistic models from graphs with

homogeneous graph nodes (i.e., the same types of objects

in the graphs). Along the direction of influence detection,

Wang et al. [27] propose a different approach to detect the top

influential users in communities by aggregating the re-tweet

counts among users.

Several techniques detect influence from static heteroge-
neous networks. Liu et al. [2] utilize two types of graphs

(citation graphs and co-authorship graphs) to discover influ-

ence among users at topic levels. Tang et al. in [28] present

approaches to infer the relationship type for each edge in a

target graph given a source graph whose edges are partially

annotated with relationship types (e.g., family, colleague).

These works do not consider the dynamic nature of graphs.

Many approaches are presented to model temporal informa-

tion on text corpus. Wang et al. [29] present the Topics Over

Time (TOT) model, a variant of the topic model [8], to capture

the temporal evolution of topics in document collections. Wang

et al. [30] detect topic changes over time from document

corpus or streaming documents by formulating an optimization

problem. These two methods are built on document corpus

which does not encode graph structures.

Modeling temporal information in graph structured data has

also been studied. Rossi et al. [31] learn a behavior transition

model to detect the role changes of graph nodes over time

from graphs with dynamic edge additions and deletions. Hu et

al. [9] propose a temporal topic model to simultaneously detect

communities, community topics, and the temporal changes of

community topics from social networks. This model does not

consider the interactions among community users, which are

modeled in our work. Iwata et al. [32] present a shared cascade

Poisson processes to discover latent relationships among users

from the series of item-adoption actions. This work has the

same objective as ours to discover user relationships. However,

the input data does not encode user relationships, which is

different from our model. Tan et al. [22] present a graphical

model (in particular, time-varying factor model) to capture user

retweeting actions on a particular topic in social networks.

Goyal et al. [33] propose five probabilistic models to learn the

probability of users adopting an action in a social network.

They work on static graphs and a series of user-adoption

actions which is different from the scenario that we deal with

(dynamic heterogeneous graphs). The narrowly defined user

actions cannot be directly generalized to other connections

among graph nodes. Wang et al. [34] present a factor graph
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model to learn advisor-advisee relationship and the tempo-

ral period for each relationship from coauthor networks. In

[34], the application-specific features (co-authorship) and their

properties can not be directly generalized to capture other

types of graphs.

VII. CONCLUSIONS AND FUTURE WORK

We study the problem of learning time-evolving influence

among nodes of interests from dynamic heterogeneous graphs.

We design a probabilistic time-evolving influence model

(TIM) to abstract the heterogeneous types of objects and their

dynamic interactions. We design a blocking Gibbs sampling

approach and a parallel Gibbs sampling algorithm to learn

TIM. We demonstrate the effectiveness of this model on both

synthetic and real data. In particular, we show the correctness

of the learning algorithms and the discovered time-evolving

influence using Synthetic and DBLP data set respectively.

Efficiency studies of the serial and the parallel Gibbs sampling

algorithms show that the learning algorithms scale linearly in

the size of the data sets, the complexity of the models, and the

number of cores. As future work, we will model the temporal

information as continuous variable and model the more general

dynamics of graphs (e.g., node/edge removal).
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