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1 Introduction

Let A be a first-order alphabet and £ be the first-order logic in the alphabet A. For a
sentence ¢ in the alphabet A, we will use the standard notation “F ¢” for ¢ is provable in L
(that is, ¢ is derivable from the axioms of £ by the use of the inference rules of £); and “}= ¢”
for ¢ is valid (that is, ¢ is satisfied in every interpretation of £). The soundness theorem for
L states that if - ¢, then |= ¢; and the completeness theorem for L states that if |= ¢, then
F . Put together, the soundness and completeness theorems yield the correctness theorem
for £: a sentence is derivable in £ iff it is valid. Thus, they establish a crucial feature of
L; namely, that syntax and semantics of £ go hand-in-hand: every theorem of L is a logical
law (can not be refuted in any interpretation of £), and every logical law can actually be
derived in L.

In fact, a stronger version of this result is also true. For each first-order theory 7 and
a sentence ¢ (in the language of 7'), we have that 7 ¢ iff 7 = . Thus, each first-order
theory 7 (pick your favorite one!) is sound and complete in the sense that everything that
we can derive from 7 is true in all models of 7, and everything that is true in all models of
7T is in fact derivable from 7. This is a very strong result indeed. One possible reading of it
is that the first-order formalization of a given mathematical theory is adequate in the sense
that every true statement about the theory can be derived from the axioms of 7.

It is relatively easy to prove the soundness theorem. All it takes is to verify that all axioms
of L (or, more generally, of 7) are valid, and that the inference rules preserve validity. This
can be done by a routine use of mathematical induction. On the other hand, it is much more
challenging to prove the completeness theorem. It requires a construction of a counter-model
for each non-theorem ¢ of £. More generally, the strong completeness theorem requires, for
each non-theorem ¢ of a first-order theory 7, a construction of a model of 7 which is a
counter-model of ¢. This is by no means an obvious task.

The importance of the completeness theorem was first realized by David Hilbert (1862
1943), who posed it as an open problem in 1928 in the influential book [10], which he
coauthored with Wilhelm Ackermann (1896-1962). The first proof of the completeness
theorem was given by Kurt Godel (1906-1978) in his dissertation thesis the following year.
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Godel’s proof appeared in print in 1930 in [3]. An English translation of it can be found in
the Collected Works of Kurt Godel [5].

Godel’s proof was rather complicated and was understood by only a few mathemati-
cians. It was not until Leon Henkin’s (1921-2006) ingenious construction in the late 1940s,
which became known as the Henkin method, that the completeness theorem became widely
understood. Henkin’s method became an instant classic, and the standard way to prove
completeness, taught in almost every course on mathematical logic worldwide. An enter-
taining account of how he discovered his method is described in Henkin’s “The discovery of
my completeness proofs” [7]. In this project we will study Henkin’s method from the original
historical source by Henkin [6].

2 Leon Henkin

Leon Henkin was born on 19 April 1921 in Brooklyn, into a Russian Jewish immigrant family.
In 1937 he enrolled at Columbia University, where he majored in Mathematics and Philos-
ophy. His first Logic teacher was Ernest Nagel (1901-1985), a distinguished philosopher of
Science and one of the major figures of the logical positivist movement. Nagel is also widely
known for his popular account [11] of Godel’s celebrated incompleteness theorems, which he
coauthored with James R. Newman (1907-1966).

During his studies at Columbia, Leon studied the works of Bertrand Russell (1872-1970)
and Alfred Whitehead (1861-1947), Hilbert and Ackermann, and Willard Quine (1908
2000). In 1939 he also attended a lecture by Alfred Tarski (1901-1983), who later hired him
at the University of California, Berkeley. Henkin was also greatly influenced by the book
“Projective Geometry” [12, 13] by Oswald Veblen (1880-1960) and John W. Young (1879
1932). But, as he points out himself [7, p. 131], his most important learning experience was
studying Godel’s consistency proof of the Continuum Hypothesis [4].

Henkin graduated from Columbia University in 1941 with a degree in Mathematics and
Philosophy. The same year he was admitted in the graduate program of Princeton University.
His advisor was Alonzo Church (1903-1995). But only a year later the US entered the Second
World War. Because of this, Leon passed his qualifying exam in a rush, received an M.A.
degree, and left Princeton to join the military. He spent the next four years working in
the Signal Corps Radar Laboratory, Belmar, New Jersey. As participant in the Manhattan
project, Henkin worked on isotope diffusion. Most of his work involved numerical analysis to
obtain solutions of certain partial differential equations. During this period Henkin neither
read nor thought about logic.

Leon returned to Princeton in 1946 to complete his Ph.D. degree. He was awarded a pre-
doctoral fellowship by the National Research Council, and continued his work with Church.
It was at Princeton, one year later, that he discovered his method, which became the basis
of his Ph.D. thesis, and allowed him to obtain a new and elegant proof of the completeness
theorem, as well as many other useful corollaries, including completeness of higher order
logics with respect to what later became known as Henkin models. A detailed account of his
discoveries can be found in [7].

Henkin received his Ph.D. in 1947 from Princeton University. In 1953 he was hired by
Tarski at the U.C. Berkeley, where he became a close collaborator and an ally of Tarski
in promoting logic. Henkin stayed at Berkeley for the rest of his life, where he became a
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highly regarded professor and social activist. During his long and fruitful career Henkin was
regarded as a fine logician and an extraordinary human being. With Tarski and J. Donald
Monk of the University of Colorado, Boulder, he coauthored an influential book “Cylindric
Algebras” [8, 9], the second volume of which was completed after Tarski’s death. Henkin
was a recipient of many awards, among which were Chauvenet Prize (1964), Lester R. Ford
Award (1971), Gung and Hu Award (1990), Berkeley Citation (1991), and Leon Henkin
Citation (2000). But he will be most remembered for the discovery of his method, which we
now turn to.

3 First-Order Logic

In this section we will develop all the background from Henkin’s source necessary for his
ingenious method. In particular, we will learn about the first-order language Henkin works
with, its syntax and semantics. We will also study the axiomatic system Henkin introduces,
learn how to prove theorems in the system, and describe what it means for the system to be
complete.

3.1 Syntax

We start by getting acquainted with the notation of Henkin’s original source. Henkin mainly
uses the notation from the classic monograph by Church [1], which was considered as stan-
dard by the time Henkin’s paper appeared in print. At the time, the first-order logic was
called the first-order functional calculus. Henkin starts out by fixing the following notation:

OXDXDXIXDXIXIXDO

The system with which we shall deal here will contain as primitive symbols

() > f,
and certain sets of symbols as follows:

(i) propositional symbols (some of which may be classed as variables, others as
constants), and among which the symbol “f" above is to be included as a
constant;

(ii) for each number n = 1,2,--- a set of functional symbols of degree n (which
again may be separated into variables and constants); and

(iii) individual symbols among which variables must be distinguished from constants.
The set of variables must be infinite.



The alphabet that Henkin uses is slightly different from what became standard in later
years. He uses “f” to denote the logical constant “False” and “D” to denote “implication.”
He also has left and right parentheses in the alphabet. In addition, by propositional symbols
Henkin means a denumerable set of propositional letters, which, as we will see shortly, will
be interpreted as either true or false statements. This was standard practice at the time,
mostly because of propositional logic. But more recent authors, such as Ebbinghaus, Flum,
and Thomas [2], refrain from including propositional symbols in the alphabet. Moreover,
by functional symbols of degree n Henkin means relation symbols of arity n, for each nat-
ural number n. Note that Henkin separates relation symbols into constants and variables.
Most likely, this is because he always had in mind the treatment of higher-order quantifica-
tion. More recent authors, however, refrain from the distinction (see, e.g., [2]). Finally, by
individual symbols Henkin means constants and infinitely many variables.

It is worth pointing out that Henkin does not have the equality symbol in the alphabet.
But we will see that this issue is addressed later in the paper.

Task 1: Note that Henkin does not use any function symbols, which became customary
in later developments. The reason, of course, is that we can always think of a function as
a special relation, and so having only relation symbols in the alphabet is sufficient. As a
result, Henkin does not have a need to define terms. Give a definition of a term in Henkin’s
alphabet. Based on your definition, give an explanation of why there was no need for Henkin
to define terms.

Henkin’s next task is to construct formulas in the alphabet he has described, which he
does by induction.

Elementary well-formed formulas are the propositional symbols and all formulas of
the form G(x1,...,x,) where GG is a functional symbol of degree n and each z; is
an individual symbol.

Well-formed formulas (wffs) consist of the elementary well-formed formulas together
with all formulas built up from them by repeated application of the following methods:

(i) If A and B are wffs so is (A D B);

(ii) If A is a wff and z an individual variable then (z)A is a wff. Method (ii)
for forming wffs is called quantification with respect to the variable x. Any
occurrence of the variable z in the formula (z) A is called bound. Any occurrence
of a symbol which is not a bound occurrence of an individual variable according
to this rule is called free.

OXOXXIXDXIXIXDO

Note that what Henkin calls elementary well-formed formulas are often called atomic
formulas; and what Henkin calls well-formed formulas are often called simply formulas.
Also, Henkin uses the symbol (z)A for the universal quantification. Of course, it has since
become customary to use (Vz)A instead of (x)A. But observe that the usage of ¥V requires to
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treat it as part of the alphabet. Therefore, Henkin’s approach to the universal quantification
is simpler because it does not require an extra symbol in the alphabet.

Task 2: Use induction to give your own definition of a formula in Henkin’s alphabet

3.2 Semantics

Having built a first-order language, Henkin’s next task is to define an interpretation of the
language.

In addition to formal manipulation of the formulas of this system we shall be concerned
with their meaning according to the following interpretation. The propositional con-
stants are to denote one of the truth values, T or F, the symbol “f” denoting F, and
the propositional variables are to have the set of these truth values as their range.
Let an arbitrary set, I, be specified as a domain of individuals, and let each individual
constant denote a particular element of this domain while the individual variables
have I as their range. The functional constants (variables) of degree n are to denote
(range over) subsets of the set of all ordered n-tuples of I. G(z1,--- ,x,) is to have
the value T or F according as the n-tuple (z1,--- ,x,) of individuals is or is not in
the set G; (A D B) is to have the value F if Ais T and B is F, otherwise T; and
(x)A is to have the value T just in case A has the value T for every element x in 1.

ODXDIXDIXIXDO
Task 3: Give your own definition of interpretation. Try to be as formal as possible.

OXOXXIXDXIXIXDO

If Ais a wff, I a domain, and if there is some assignment of denotations to the
constants of A and of values of the appropriate kind to the variables with free oc-
currences in A, such that for this assignment A takes on the value T according to
the above interpretation, we say A is satisfiable with respect to I. If every such
assignment yields the value T for A we say that A is valid with respect to I. A is
valid if it is valid with respect to every domain.

OXDXDXIXIXIXIXDO

Task 4: Today we write I = A whenever A is satisfiable with respect to I, and | A
whenever A is valid. Explain in your own words what it means for A to be “satisfiable with
respect to I,” to be “valid with respect to I,” and to be valid.

Having given the definition of valid formulas, Henkin’s next task is to give an axiom-
atization of all valid formulas. But before he embarks on this task, he describes several
abbreviations he will use in order to simplify notation.
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If A is any wff and x any individual variable we write

~ A for (ADf)

(Jz)A for ~ (x) ~ A.

From the rules of interpretation it is seen that ~ A has the value T or F according as
A has the value F or T, while (32)A denotes T just in case there is some individual
x in I for which A has the value T.

Furthermore we may omit outermost parentheses, replace a left parenthesis by a dot
omitting its mate at the same time if its mate comes at the end of the formula
(except possibly for other right parentheses), and put a sequence of wffs separated
by occurrence of “D" when association to the left is intended. For example,

ADBD.CDODDDE for (ADB)D((C>D)DE)),

where A, B,C, D, E may be wffs or abbreviations of wffs.

ODXDIXDIXIXDO
Note that by ~ A Henkin denotes the negation of A. Therefore, negation and existential
quantification are merely abbreviations for Henkin. Today we often use = A instead of ~ A.

Task 5: Give a formal definition of I = ~ A and I |= (3z)A.

3.3 Axiomatization

Having prepared all the necessary background, Henkin goes on to describe the axiomatic
system, which later he will show to be capable of proving all valid formulas.

OXDXDXXDXIXIXDO

If A, B,C are any wffs, the following are called axioms:

1. C>.B>C

2 ADBD>.AD(BD>C)D.ADC
3.ADfDfDA
4

. (z)(A D B) D . A D (z)B, where z is any individual variable with no free
occurrence in A.

5. (£)A D B, where z is any individual variable, y any individual symbol, and B
is obtained by substituting y for each free occurrence of x in A, provided that
no free occurrence of x in A is in a well-formed part of A of the form (y)C'.
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There are two formal rules of inference:

| (Modus Ponens). To infer B from any pair of formulas A, A O B.

[I' (Generalization). To infer (x)A from A, where x is any individual variable.

OXODXDXDXIXIXXDXO

Task 6: Rewrite the axioms in the dot-free notation and explain their meaning. In
particular, explain why in axiom (4) Henkin requires that “z is any individual variable with
no free occurrence in A.” Also explain why in axiom (5) he requires that “no free occurrence
of z in A is in a well-formed part of A of the form (y)C.” In addition, explain the meaning
of the two inference rules.

Task 7: How many axiom does Henkin have?
Task 8: Verify that each axiom is valid.

Task 9: Verify that the inference rules preserve validity. That is, for Modus Ponens,
verify that if A and A D B are valid, then so is B; and for Generalization, verify that if A
is valid, then so is (x)A.

3.4 Formal concept of proof

Henkin’s next task is to define the concept of derivation or proof.

OXDXDXIXIXIXIXDO

A finite sequence of wffs is called a formal proof from assumptions I, where T is a
set of wffs, if every formula of the sequence is either an axiom, an element of I, or
else arises from one or two previous formulas of the sequence by modus ponens or
generalization, except that no variable with a free occurrence in some formula of "
may be generalized upon. If A is the last formula of such a sequence we write I' - A.
Instead of {T', A} F B ({T", A} denoting the set formed from T' by adjoining the wff
A), we shall write T, A = B. If T is the empty set we call the sequence simply a
formal proof and write = A. In this case A is called a formal theorem.

OXDXDXIXIXIXIXDO

Task 10: Explain why in the definition of formal proof Henkin requires that “no variable
with a free occurrence in some formula of I' may be generalized upon.”

Task 11: Given a set of formulas I" and a formula A, give a formal definition of I' - A.
Also, give a formal definition of - A.

Task 12: Use your answers to Tasks 7-11 to show that if - A, then = A.

Task 13: Use your answer to Tasks 7-12 to show that for a set of formulas I' and a
formula A, if '+ A, then I' = A.

What you have just verified is called the Soundness Theorem. At this stage it is useful
to reread the introduction to have a better perspective on what we have achieved already
and what is still ahead of us, especially with respect to the Completeness Theorem.
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3.5 Formal Proofs. The Deduction Theorem

After giving the definition of a theorem, Henkin states the main goal of the paper.

OXOXXIXDXIXIXDO

Our object is to show that every valid formula is a formal theorem, and hence that
our system of axioms and rules is complete.

OXDXDXIXIXIXIXDO

To achieve this task, Henkin needs more information about how formal proofs are derived
in the axiomatic system he has just presented. But this has already been known by the time
of the publication of Henkin’s treatise. Indeed, he only states several facts that he will need
to achieve completeness and refers the interested reader to Church’s monograph [1].

OXODXDXXIXIXIXDO

The following theorems about the first-order functional calculus are all either well-
known and contained in standard works, or else very simply derivable from such
results. We shall use them without proof here, referring the reader to Church [1] for
a fuller account.

lIl (The Deduction Theorem). If ' A+ B then I' - A D B (for any wffs A, B
and any set I' of wffs).

FBDfD>.BDOC
FBD.CDODfD>.BDOCDf
F@)ADf)D.(Fx)AD f
F(x)BD f>.(3x)(B D).

IV. If I' is a set of wffs no one of which contains a free occurrence of the individual
symbol u, if A isawffand B is obtained from it by replacing each free occurrence

of u by the individual symbol = (none of these occurrences of = being bound in
B), thenif T'F A, also T' - B.

© o N o

OXODXDXDXIXIXIXIDXO

Task 14: Prove the Deduction Theorem. (Hint: consult [1].)

Task 15: Rewrite the formulas in (6), (7), (8), and (9) in the dot-free notation. Prove
that each of the formulas in (6), (7), (8), and (9) is a theorem of Henkin’s axiomatic system.
(Hint: use the Deduction Theorem; more specifically, to show, e.g. (6), first show that
B D f,BF C, and then apply the Deduction Theorem twice.)

Task 16: Prove (IV). (Hint: refresh in your mind what you have learned about substi-
tution.)



4 Henkin’s Method and the Completeness Theorem

Now that we have developed all the necessary background, we are ready to describe Henkin’s
ingenious method, which is the main topic of this section.

OXDXDXXDXIXIXDO

Let Sy be a particular system determined by some definite choice of primitive symbols.
A set A of wffs of Sy will be called inconsistent if A = f, otherwise consistent. A
set A of wffs of Sy will be said to be simultaneously satisfiable in some domain [
of individuals if there is some assignment of denotations (values) of the appropriate
type of the constants (variables) with free occurrences in formulas of A, for which
each of these formulas has the value T under the interpretation previously described.

OXODXDXXIXIXIXDO

Task 17: Using modern notation, describe what it means for a set of formulas to be
consistent, inconsistent, and simultaneously satisfiable.

Given a consistent set of sentences A, Henkin’s main task is to construct a domain which
simultaneously satisfies A. More precisely:

OXOXDXDXIXIXIXDO

THEOREM. If A is a set of formulas of Sy in which no member has any occurrence
of a free individual variable, and if A is consistent, then A is simultaneously satisfiable
in a domain of individuals having the same cardinal number as the set of primitive
symbols of Sy.

OXDXDXIXDXIXIXDO

This is a difficult task, because it is unclear where the domain I should come from. This
Henkin achieves by an ingenious construction he discovered, which became known as the
Henkin method. Note that the theorem is not restricted to the case where the set of primitive
symbols of Sy is countably infinite. Indeed, it is true no matter what the cardinality of the
set of primitive symbols of Sy is. But Henkin only demonstrates his construction for the case
where the set of primitive symbols of Sy is countably infinite, and mentions that a simple
modification of the proof is sufficient for the general case. (The modification, however,
requires the Axiom of Choice!) Let us follow Henkin’s proof:

OXDXDXIXIXIXIXDO

Let w;; (i,j =1,2,3,---) be symbols not occurring among the symbols of S,. For
each i (i = 1,2,3,--+) let S; be the first-order functional calculus whose primitive
symbols are obtained from those of S,_; by adding the symbols u;; (j =1,2,3,---)
as individual constants. Let S, be the system whose symbols are those appearing in
any one of the systems S,. It is easy to see that the wffs of S, are denumerable, and
we shall suppose that some particular enumeration is fixed on so that we may speak
of the first, second, - - -, nth, --- formula of S, in the standard ordering.



OXDXDXIXIXIXIXDO

Task 18: Describe in your own words each system S; and give an argument as to why
there are countably infinite formulas of S;. Also, describe in your own words the system S,
and give an argument as to why there are countably infinite formulas of S,,.

OXOXXIXDXIXIXDO

We can use this ordering to construct in Sy a maximal consistent set of cwffs, Ty,
which contains the given set A. (We use “cwff’ to mean closed wff: a wff which
contains no free occurrences of any individual variable.) T is maximal consistent in

the sense that if A is any cwff of Sy which is not in I'g, then 'y, A - f; but not
Lok f.

OXODXDXDXXIXXDO

Task 19: Explain in your own words what it means for a set of sentences to be maximal
consistent.

To construct T'g let T'gp be A and let By be the first (in the standard ordering) cwff
A of Sg such that {Tgo, A} is consistent..

OXDXDXIXIXIXIXDO

Task 20: Justify that such a B; exists.

OXDXDXXIXIXIXDO

..Form I'g; by adding B to I'gg. Continue this process as follows. Assuming that
[o; and B; have been found, let B;,; be the first cwff A (of Sy) after B;, such that
{F0i7 A} is ConSiStent; then form F0i+1 by addlng Bi+1 to FO’L

OXODXDXDXIXIXIXIDXO

Task 21: Justify that such a B;; exists.

OXDXXIXDXIXIXDO

..Finally, let T’y be composed of those formulas appearing in any T'y; (i = 0,1,---).
Clearly I'y contains A..

OXDXDXIXDXIXIXDO

Task 22: Justify this claim of Henkin.
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..I'g is consistent..

OXODXDXDXXIXIXDXO

Task 23: Justify this claim of Henkin. (Hint: observe that if I'y is inconsistent, then
Lo F f; now analyze what it takes for f to be derivable from T'y.)

OXDAXDIXDIXDO
..Finally, 'y is maximal consistent.

OXOXXIXDXIXIXDO

Task 24: Justify this claim of Henkin. (Hint: assume that {I'g, A} is consistent. What
can you conclude about {I'y;, A} for each i? What does it say about A?)

OXODXDXDXIXIXXDXO

Having obtained I'y we proceed to the system S; and form a set I'; of its cwwfs as
follows. Select the first (in the standard ordering) cwff of I'y which has the form
(3z)A (unabbreviated: ((z)(A D f) D f)), and let A’ be the result of substituting
the symbol uq; of S; for all free occurrences of the variable = in the wff A. The set
{T'o, A’} must be a consistent set of wffs of S;.

OXODXDXDXIXIXIXDXO

Task 25: Justify this claim of Henkin. (Hint: assume that {I'g, A’} is inconsistent;
then Iy, A" F f; use the Deduction Theorem to obtain I'g = A" D f; use (IV) to deduce
I'o A D f; next use (II) to obtain I'y F (2)(A D f); now use (8) and (I) to deduce
[y F (3x)A D f; finally, use Henkin’s assumption and Modus Ponens to conclude that
[y = f, which is a contradiction.)

We proceed in turn to each cwff of Iy having the form (3z)A, and for the j* of
these we add to Iy the cwff A’ of S; obtained by substituting the constant u,; for
each free occurrence of the variable = in the wff A. Each of these adjunctions leaves
us with a consistent set of cwffs of S;..

OXDXXIXDXIXIXDO

Task 26: Justify the last claim of Henkin.
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..Finally, after all such formulas A’ have been added, we enlarge the resulting set of
formulas to a maximal consistent set of cwffs of S; in the same way that I'y was
obtained from A in Sy. This set of cwffs we call I';.

After the set I'; has been formed in the system S; we construct I';,; in S;y1 by
the same method used in getting I';' from Ty but using the constants w;y1; (j =
1,2,3,---) in place of uy;. Finally we let I',, be the set of cwffs of S, consisting
of all those formulas which are in any I';.2 It is easy to see that I',, possesses the
following properties:

i) T, is a maximal consistent set of cwffs of S,,.

ii) If a formula of the form (3x)A is in T, then T',, also contains a formula A’ ob-
tained from the wff A by substituting some constant w;; for each free occurrence
of the variable x.

OXODXDXDXIXIXXDXO

Task 27: Justify this claim of Henkin.

This concludes the first half of the Henkin construction. Henkin’s final task is to construct
a countably infinite domain, which will simultaneously satisfy I',,. For this he will use the
very constants he has enriched the language with!

OXDXDXXDXIXIXDO

Our entire construction has been for the purpose of obtaining a set of formulas with
these two properties; they are the only properties we shall use now in showing that the
elements of I, are simultaneously satisfiable in a denumerable domain of individuals.

In fact we take as our domain I simply the set of individual constants of S,,, and we
assign to each such constant (considered as a symbol in an interpreted system) itself
(considered as an individual) as denotation. It remains to assign values in the form
of truth-values to propositional symbols, and sets of ordered n-tuples of individuals
to functional symbols of degree n, in such a way as to lead to a value T for each
cwff of T',,.

Every propositional symbol, A, of Sy is a cwff of S,; we assign to it the value T
or F according as I' = A or not. Let G be any functional symbol of degree n. We
assign to it the class of those n-tuples {(ay,- - , a,) of individual constants such that
L, FG(ay, - ,ay).

OXDXDXDXIXIXIXDO

IThis is a typo. Henkin really means I't, not T';.
2This is another typo. Henkin really means I';, not I'y.
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Task 28: Describe in your own words Henkin’s interpretation.
ODDDXDIXIXDO

This assignment determines a unique truth-value for each cwff of S_, under the funda-

" ”

mental interpretation prescribed for quantification and “2". (We may note that the
symbol “f" is assigned F in agreement with that interpretation since I, is consistent.)
We now go on to show the

LEMMA: For each cwff A of S, the associated value is T or F according asT',, - A
or not.

The proof is by induction on the length of A. We may notice, first, that if we do not
have I',, = A for some cwff A of S, then we do have ', - A D f.

ODDDDDDDO
Task 29: Justify this claim of Henkin. (Hint: use that I',, is maximal consistent.)

OXOXDXIXDXIXIXDO

In case A is an elementary cwff the lemma is clearly true from the nature of the
assignment.

OXDIXDIXDIXDO
Task 30: Justify this claim of Henkin.

OIXDDDDXIXDO
Suppose Ais B D C.

OXDXXIXDXIXIXDO

Task 31: Prove that B D C has the associated value T if and only if I', - B D C.
(Hint: consider separately the cases when (i) C' has the value T, (ii) B has the value F, and
(iii) B has the value T and C has the value F; for each of these cases show that B O C
has the value T if and only if ', = B D C; to show (i) you will need to use the induction
hypothesis, (1), and (I); to show (ii) — the induction hypothesis, (6), and (I); and to show
(iii) — the induction hypothesis, (7), and (I).)

OXDXDXDXIXIXIXDXO

Suppose A is (z)B.
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Task 32: Prove that (z)B has the associated value T if and only if I, F (x)B. (Hint:
first assume that T',, F (z) B and show that (x)B has the value T; for this you will need to
use (5), (I), and the induction hypothesis; next assume that I, I/ () B and show that (z)B
has the value F; for this you will need to use (9), (I), property (ii) of I',,, and the induction
hypothesis.)

This concludes the inductive proof of the lemma. In particular the formulas of T,
all have the values T for our assignment and so are simultaneously satisfiable in
the denumerable domain . Since the formulas of A are included among those of
I',, our theorem is proved for the case of a system Sy whose primitive symbols are
denumerable.

OXOXXIXDXIXIXDO

As a result, Henkin has finally completed the proof of his theorem. Now we know what
the Henkin method is all about: it starts from a consistent set of formulas A, and extends it
to a set of formulas I',,, in the language enriched with new constants, which has properties
(i) and (ii). Having all the new constants available, it is easy to construct a domain I and an
interpretation into the domain such that a sentence (of the extended language) is satisfied
in [ if and only if it is derivable from T',,.

Having mastered Henkin’s method, we are one step away from establishing the complete-
ness theorem.

The completeness theorem of the system S; is an immediate consequence of our
theorem.

COROLLARY 1: If A is a valid wff of Sy then - A.

OXDXDXIXDXIXIXDO

Task 33: Prove the above corollary. (Hint: first consider the case where A is a cwiff;
observe that since A is valid, then A D f is not satisfiable; use Henkin’s theorem to deduce
that {A D f} is inconsistent; next use the Deduction theorem to obtain that - A D f D f;
now use (3) and (I) to conclude that - A; now reduce the case of a wif to that of a cwff by
taking the closure A’ of a wif A, where A’ is obtained by prefixing to A universal quantifiers
with respect to each individual variable with free occurrences in A in the order in which they
appear; for this you will need to use successive applications of (5) and (I).)
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5 The Lowenheim—Skolem Theorem

Now that Henkin established the completeness theorem, his next task is to establish the
Léwenheim—Skolem theorem, which appears as Corollary 2 in Henkin’s treatise. In this
section we will learn that, similar to the completeness theorem, the Lowenheim—Skolem
theorem also follows easily from Henkin’s construction.

We recall that the Lowenheim-Skolem theorem states that if a first-order theory has an
infinite model, then it also has a countably infinite model. Since Henkin’s method works for
first-order languages of any cardinality, Henkin is able to prove a more general version of the
Léwenheim—Skolem theorem.

COROLLARY 2: Let Sy be a functional calculus of first order and m the cardinal
number of the set of its primitive symbols. If A is a set of cwffs which is simultaneously
satisfiable then in particular A is simultaneously satisfiable in some domain of cardinal
m.

OXODXDXDXIXIXIXDXO

Task 34: Prove the above corollary. (Hint: use Theorem 1 of Henkin’s treatise.)
Task 35: Deduce the Léwenheim—Skolem theorem from Corollary 2 of Henkin’s treatise.

Thus, we obtained that whenever a first-order theory has an infinite model, it also has
a countably infinite model. Henkin also points out that whenever a first-order theory has
a countably infinite model, it also has models of any higher cardinality. However, Henkin
notices that it is not guaranteed that if a first order-theory has infinite models (of any
cardinality), then it also has a finite model.

OXODXDXDXXIXXDXO

It should be noticed, for this case, that the assertion of a set of cwffs A can no
more compel a domain to be finite than non-denumerably infinite: there is always a
denumerably infinite domain available. There are also always domains of any cardi-
nality greater than Ny in which a consistent set A is simultaneously satisfiable, and
sometimes finite domains. However for certain A no finite domain will do.

OXODXDXDXIXIXXDXO

Task 36: Show that if A has a countably infinite model, then A has models of any higher
cardinality. (Hint: use Henkin’s theorem.)

Task 37: Give an example of a consistent A such that A has no finite models. (Hint:
play with first-order theories of orderings.)
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6 Adding Equality

So far Henkin has not addressed the case when the equality is part of the language. As we
will see in this section, the situation with equality is very much similar to the case without
equality: we can still prove the completeness theorem (and hence the Lowenheim—Skolem
theorem) by Henkin’s method. However, a little more care is required.

OXDXDXIXIXIXIXDO

Along with the truth functions of propositional calculus and quantification with re-
spect to individual variables the first-order functional calculus is sometimes formulated
so as to include the notation of equality as between individuals. Formally this may
be accomplished by singling out some functional constant of degree 2, say @), ab-
breviating Q(z,y) as x = y (for individual symbols x,y), and adding the axiom
schemata

El. x ==z

E2. =y D . A D B, where B is obtained from A by replacing some free
occurrences of z by a free occurrence of y.

For a system S, of this kind our theorem holds if we replace “the same cardinal number
as” by “a cardinal number not greater than,” where the definition of “simultaneously

satisfiable” must be supplemented by the provision that the symbol “=" shall denote
the relation of equality between individuals..

OXDDDXDDIXDO
Task 38: Explain in your own words the point Henkin makes here.

OXDXDXXDXIXIXDO

.. To prove this we notice that a set of cwffs A in the system Sj may be regarded as a
set of cwffs (A, E1, E) in the system Sy, where E}? is the set of closures of axioms
E;(i=1,2). Since B\, Fhb-x=yDy=xand B}, FhoFoc=yD.y=2Dx ==z
we see that the assignment which gives a value T to each formula of A, Fy, Fs
must assign some equivalence relation to the functional symbol Q). If we take the
domain I’ of equivalence classes determined by this relation over the original domain
I of constants, and assign to each individual constant (as denotation) the class
determined by itself, we are led to a new assignment which is easily seen to satisfy A
(simultaneously) in S§.

OXDAXDIXDIXDO
Task 39: Prove that Fy, FoFr=yDy=xand F1,Fhbbe=yD.y=2Dx =z

Task 40: Explain in your own words Henkin’s sketch of the proof. Provide the missing
details for Henkin’s proof. Use modern notation in your argument.

3This is a typo. Henkin really means E;.
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