AXIOMATIC PROOFS

The exponentiation program
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To prove the loop partially correct, we need to find the loop invariant. The invariant for thisloop is
= {e: xxx(y—t)At> O} . Thefirst part can be found from atrace of the loop in asimple case:
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Ths second part comes from the |oop termination expression. First we prove the loop itself using the assignment
axiom on both the statements in the body:

{e:x**(y—(t—l))/\t—lzo} t o= t minus 1{e=x#*(y-t)At>0},and
{e*x:x**(y—(t—l))/\t—lzo} e 1= e mult x{e:x**(y—(t—l))/\t—lzo}

The precondition for the second one is the same as {e: x**( y—t) At> O} whichis | At >0, the requirement
for applying the loop axiom. Using the axiom for statement sequence, we have: {I At > O} e:=emult x;t :=t minus
1{1}, so applying the loop axiom, we have:

{1} while ... end {IA~(t>0)}
Taking the invariant back through the first two assignments gives:

{e=xxx(y-y)Ay=0}t := y{e=x#**(y-t)at>0}, and

{1=x**(y-y)ry=0le := 1{e=x**(y-y)Ay=0
Since x**0=1, the precondition isjust y> 0, the precondition for the whole program. Using the sequence
axiom we thus have:

e t greater 0 do
e mult x;
t minus 1



{e=x*x(t-y)At=0~(t>0)}

This postcondition impliesthat t =0, and thusit reducesto e= x#*x*Yy, which compltes the proof sincethisis
the required postcondition for the whole program.

To prove termination, we need to find a Floyd expression, which issimply t in this case. We then need to prove
well-foundedness first:

y>0,1 rt>0

i.e.from y>0and I, we need to prove that t > 0. Sinceit is part of the invariant, thisis done. Next we prove
termiantion, by showing:
y>0,1,t >0+t >t[d], where t[#] isthe Floyd expression with all substitutions on al paths through the loop body.

Clearly the only relevant statement is t := t minus 1,s0we must show that t >t—1. Thisistrue independently of
the precondtions, so it is also done. We have thus proved partial correctness using the Hoare axioms, and total
correctness using Floyd’ s method of well-foundedness.

The Division Program

{y=1A x>0}

q := 03

r := Xx;

while r greater y minus 1 do
q plus 1;

r minus y

=Q = | |

end
{x=q*y+ra0<r<yj

First we find the loop invariant. The computational part iseasy, sinceit isthe same as that part of the
postcondition:
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However, the termination part istricky, since r reduces until it isless than or equal to y, and may not be zero.
The best we can say isthat r > 0. However, thisonly occursif y ispositive. If it is zero or negative, the loop will
diverge. We must therefore add y >1to the invariant if we want to prove the final result. So,

| ={X=y*q+rar>0ay>1
We proceed as before, proving the loop first. Pusing the invariant back through the loop body, we get:
{x=y*q+(r—=y)ar—-y=0ay=1r = r minus y{x=y*q+rar=0ny=21},and

{x=y*(q+1)+(r-y)ar-y20ny21 q := q plus 1{Xx=y*q+(r-y)ar-y=0ay=1}

The precondition reducesto {x=y*q+r Ar>y-1ay>1andsincethisisimpliedby | Ar>y-1, wecan
use the consegquence axiom to join the two assignments together, and the strenghtening rule to say:
{Inr>y-1=q := q plus 1;r = r minus y{l}
We can then apply the loop axiom to show:



{I}while ... end{l/\ ~(r> y—1)}
Puhsing the invariant back through the first two statements gives us:

x{x=y*q+rar=0Ay>1,and

{(X=y*q+XxAx20Ay21r :

{x=y*0+xAx20Ay>1q = O{X=y*q+xAXx=0Ay>1}

The precondition reduces to {x >0Ay2> 1} , the precondition for the whole program.

Turning to the postcondition, the assertion after theloop is {I A ~(r > y—l)} . Since thisimplies
x=y=*g+r A0<r <y, then the program is proved partially correct. The justifcation for the final step isasfollows:

Loop postcondition: Xx=y#*q+r Ar>0Ay>1a~(r>y-1), whichis x=y*q+rAr>0ay>1ar<y-1,or

X=y*xqQ+rar>0Ay>1ar<y. Sincewe candrop any conjunct (AA B= A) thisimpliesthe final
postcondition. Thus we have proved partial correctness.

To provetotal correctness, we first find the Floyd expression. Like the termination part of the loop invariant,
thisisjust r. To prove well-foundedness, we need to show:

y>21IAx20,1 Fr>0

Since the invariant contains r > 0, thisis proved.
Termination needs us to show:
y>21IAXx20,1,r>y-1+r >r[6]

The substitution caused by the loop body onr isr —y, sowe needto show that r >r —y, or y>0. Sincethisis
thesameas y >1, we are done. So, total correctnessis also proved.

The gcd algorithm

The only invariant that makes senseissimply 1 =gcd(N,M)=gcd(n,m)AN >0AM >0. Thisincludes as
much of the loop termination condition as we can add; the actual loop condtion isimplicitly contained in the definition
of gcd, i.e. gcd(n,n) =n.To prove the loop correct we first have to prove that the conditional statement which isits

body is correct. To do thiswe need to find an A, such that
{AAN>M}N:=N-M{l},and
{AAN<MIM =M - N{I}

Using the assignment axiom for each branch, we have:
{IIN=M\N]}N:=N-M{l}, and
{I[IM =N\M]}M =M —N{I}

So we have to show that
AAN>M = I[[N-M \N], and

AAN<M = I[M-N\M]
To see that the A we need isjust the invariant plus the loop condition, consider that

N>M = gcd(N,M)=gcd(N-M,M), and

M > N = gcd(M,N) =gcd(M —N, N)

from the definition of gcd. Since I[N—-M \ N] is gcd(N-M,M) =gcd(n,m)AM >0A N >M , we can say
that | AN =M AN >M istruewhenever I[N—-M \N] istrue,and | AN =M AN > M cannot be true when
IIN—M \ N] isfase(since N >M cannot be true and gcd(N,M) =gcd(N —M,M) false at the same time). Therefore
IAN#M AN>M = I[N-M\N]. Smilarly wecanshow that | AN#M AN<M = I[M -N\M]. Theleft hand

side of thisimplicationisthesameas | AN =M AN <M , without the equality part of the condition; we thus have the
same implication as the other branch with N and M swapped.



Thus the conditional is proved with apre-conditionof | AM = N, i.e{l AM = N}if ..{I}. Since the pre-condition of
thisis precisely the right pre-condition for the loop to be correct, using the while axiom we can assert:

{1Twhile..{IA ~(M = N)}
Pushing the invariant back through the initial assignments gives us ssimply gcd(n, m) = gcd(n,m) An>0Am> 0so the
program's pre-condition is proved.
The while loop post-condition implies that there is an x such that gcd(n,m) = gcd(N, M) = x, where x is the value of N
and M after the loop terminates. Thus the program is proved partially correct relative to the given specification.
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