Computer Science Department
Qualifying Examination, Fall 2007

Programming Languages

This exam is open book/open notes. Answer both questions. Q1 is worth 60% and Q2 is worth 40%.

1. Denotational Semantics. You are to give a semantics for inheritance of methods in an object-oriented language. The abstract syntax of the language is as follows (braces, i.e {},surround repetition of a construct, square brackets, i.e. [], surround optional constructs, and parentheses, i.e. (), surround groupings; terminal parentheses are underlined: ( and)):

Program ::= { Class }

Class ::= class ClassName Params [ inherit ClassName Params ] { Method }

Method ::= method MethodName  = Exp

Params ::= ( Param { , Param } )
Exp ::= Exp1 . Selector [ ( Exp2 ) ]  |  Fun(Exp1, … Expn)  | 
 Exp1 ( + | - | * | / | > | < | = ) Exp2  |  Identifier  |  self  |  super  |  arg
ClassName ::= Identifier

MethodName ::= Identifier

Param ::= Identifier

Selector ::= Identifier

Fun ::= Identifier

As an example program, consider the following:

class Point(a,b)

method x = a 

method y = b

method distFromOrig =
sqrt(self.x * self.x + self.y * self.y)
method closerToOrig =
self.distFromOrig < arg.distFromOrig

class Circle(a,b,r) inherit Point(a,b)

method radius = r

method distFromOrig =
max(super.distFromOrig – self.radius, 0)

In the example, the method radius is added and the method distFromOrig is overridden with the inheritance mechanism. arg refers to the optional single argument passed in the message. Example expressions that uses these classes are:

Point(5,6).closerToOrig(Point(7,8))
Circle(3,4,5).distFromOrig
The first creates an instance of Point and sends it the message closerToOrig with another Point instance as its argument, returning true or false. The second creates an instance of the class Circle and sends the message distFromOrig to it, returning a number. Note, there is no assignment in this simple language.

A. Define appropriate semantic domains for this language, and 
B. Write a valuation function for expression evaluation (Exp in the grammar) using a recursive Smalltalk-like method lookup. 


HINT: represent a class by a function that maps identifiers to expressions and inheritance as the combining of two such functions.

2. Axiomatic semantics. Write a routine to calculate the nth Fibonacci number and prove it partially correct using Hoare’s axioms.
Sample Answers
1. Primitive domains:

Class

Instance

Key (for a method selector)

Number (returned by functions)

Err ( a singleton for errors)

Boolean

Instance (may be compound in a full semantics)

Compound domains:


Behavior = Key → (Fun + Err)
(the semantic behavior of a method)


Value = Behavior + (Number + Boolean) 
(returned by either a receiver of a 







message or function)


Fun = Value → Value 
(methods take a single argument and return a value)


Operations:


class : Instance → Class
(returns the class of an instance)


parent : Class → (Class + Err)
(returns either the parent of a class or error if 
                                                              it is the root of the hierarchy)

root : Class → Boolean


root(c) = cases parent(c) of

                             isClass(d) → false
                             isErr() → true

method : Class → Key → (Exp + Err)
(Exp is the syntactic category – 
                                                                        retrieves the body of a method from
                                                                        a class)

send : Instance → Behavior
(returns the appropriate behavior for an instance)


send(i) = lookup(class(i), i)


lookup : Class → Instance → Behavior (does the recursive lookup of methods)

lookup(c, i) = λm. cases method(c, m) of

                                            isExp(e) → E([[e]], i, c)

                                            isErr() → (root(c) → inErr() □ lookup(parent(c), i, m))

The valuation function for expressions is:


E : Exp → Instance → Class → Fun
(Instance is the calling object, Class is the 
                                                             class of the calling method, Fun is the 
                                                             actual function corresponding to the method
                                                             body)


E[[self]] = λi. λc. λa.send(i)
(i refers to the calling instance)


E[[super]] = λi. λc. λa. lookup(parent(c), i)
(start lookup in the superclass)


E[[arg]] = λi. λc. λa. a
(just return the argument)


E[[Identifier]] = λi. λc. λa. Identifier (for constants)


E[[Exp1.Selector(Exp2)]] =
λi. λc. λa. (E([[Exp1]], i, c, a) [[Selector]] (E([[Exp2]], i, c, a)
(evaluate the receiver, and send it the message with the value of the 
             argument)

E[[Exp1.Selector]] = λi. λc. λa. (E([[Exp1]], i, c, a) [[Selector]] ┴


(┴ means no argument)


E[[Fun(Exp1, … Expn)]] =
λi. λc. λa. Fun(E([[Exp1]], i, c, a), … E([[Expn]], i, c, a))

(apply the function to the values of the arguments)


E[[Exp1 + Exp2]] = λi. λc. λa. E([[Exp1]], i, c, a) plus E([[Exp2]], i, c, a)


Similar for the other operators

Example evaluation:


Assume we have :

class C(a)


method x = a


class D inherit C

method m=self.x * self.x

We will evaluate self.x * self.x for an instance i  of class D and method m of class D

E([[self.x * self.x]], i, D) = λa. E([[self.x]], i, D, a) times E([[self.x]], i, D, a)


Now E([[self.x]], i, D, a) uses the selector version of the valuation function to give:


E([[self]], i, D, a) [[x]] ┴ 


= send(i) [[x]] ┴

= (lookup(class(i), i)) [[x]] ┴

= (lookup(parent(D), i) [[x]] ┴
= E([[a]], i, C) ┴

= a


Since the other expression is the same, the result is a times a

2. The algorithm may be written as:

{n >= 0}

i = 0

old = 0

new = 1

while i < n

    i = i  + 1

    new = new + old

    old = new – old

{old = Fib(n)}

Where Fib is defined by:

Fib(0) = 0

Fib(1) = 1

Fib(n) = Fib(n-1) + Fib(n-2) for n > 1

The loop invariant, I,  is 0<=i<=n and old=Fib(i) and new=Fib(i+1)

For the loop body we have, using the assignment axiom:

Q3 = {0<=i+1<=n and new=Fib(i+1) and old=Fib(i+2) – new}


i = i + 1

Q2 = {0<=i<=n and new + old – old = Fib(i) and new + old = Fib(i+1)}


new = new + old

Q1 = {0<=i<=n and new –old = Fib(i) and new = Fib(i+1)


old = new – old

I = {0<=i<=n and old=Fib(i) and new=Fib(i+1)}

Since Fib(i+2) = Fib(i+1) + Fib(i), Q3 reduces to

{0<=i+1<=n and new=Fib(i+1) and old=Fib(i)}
Since I and i < n implies Q3, the loop is proved, using the consequence axiom

Thus we may assert I and i>=n after the loop, using the loop axiom. This means that i=n and I becomes

{i=n and old=Fib(i) and new=Fib(i+1)}

This implies old=Fib(n) thus the specification is proved using the consequence axiom.
(over)

For the preamble we have, using the assignment axiom:

Q6 = {0<=0<=n and 0=Fib(0) and 1=Fib(1)}


i = 0

Q5 = {0<=i<=n and  0=Fib(i) and 1=Fib(i+1)}


new = 1

Q4 = {0<=i<=n and 0=Fib(i) and new=Fib(i+1)}


old = 0

I = {0<=i<=n and old=Fib(i) and new=Fib(i+1)}

Q6 reduces to {0<=n} which is the precondition, thus the proof is complete.
