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Abstract. Methods to predict the structure of a protein often rely on
the knowledge of macro-sub-structures and their exact or approximate
relative positions in space. The parts connecting these sub-structures are
called loops and, in general, they are characterized by a high degree of
freedom. The modeling of loops is, thus, a critical problem in predicting
protein conformations that are biologically realistic. This paper intro-
duces a constraint that models a general multi-body system, presents a
proof of NP-completeness and shows its application to the protein loop
modeling, based on fragments assembly, along with filtering techniques,
inspired by inverse kinematics, that can drastically reduce the search
space of potential conformations.

1 Complexity Analysis

JM constraint. The problem of establishing consistency—i.e., existence of a
solution—of JM constraints is NP-complete. To prove this fact, we start from
the NP-completeness of the consistency problem of the constraint Self-Avoiding-
Walk (SAW-constraint) in a discrete lattice, proved in [1]. In particular, we will
use the 3D cubic lattice, where the problem can be stated as follows. Let X =
X1, . . . , Xn be a list of variables. Each variable has a finite domain dom(Xi) ⊆
Z3. σ : X −→ Z3 is a solution of the SAW constraint if:

• For all i = 1, . . . , n: σ(Xi) ∈ dom(Xi),

• For all i = 1, . . . , n− 1: ‖σ(Xi)− σ(Xi+1)‖ = 1,

• For all i, j = 1, . . . , n, i < j, it holds that ‖σ(Xi)− σ(Xj)‖ ≥ 1.

As emerges from the proof in [1], the problem is NP complete even if the domains
of dom(X1) and dom(X2) are singleton sets. Without loss of generality we can
concentrate on SAW problems where dom(X1) = {(0, 0, 0)} and dom(X2) =
{(0, 1, 0)}—the other cases can be reduced to this one using a roto-translation.

Theorem 1. The consistency problem for the JM constraint is NP-complete.

Proof (sketch). The proof of membership in NP is trivial; given a tentative solu-
tion, it is easy to test it in polynomial time—the most complex task is building
the rotation matrixes.
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Fig. 1: Rigid blocks for SAW (from left to right, block 1, . . . , 7)

To prove completeness, let us reduce SAW, with the further hypothesis on
dom(X1) and dom(X2) to JM. Let us consider an instance A = 〈X, dom(X)〉
of SAW with n (n > 3) variables. We define a equi-satisfiable instance B =
〈S,V ,A,E, δ〉 of JM as follows. Let us choose V = V1, . . . , Vn−3. We select
the sets Si of rigid blocks of the multi-body to be all identical, and consisting
of all the (non overlapping) fragments of three contiguous unitary segments of
length 1, starting from (0, 0, 0) and with bends of 0 or 90 degrees. A filtering using
symmetries is made and the blocks are indicated in Fig. 1. For all i = 1, . . . , n−3
we assign the following sets of 3D points to the end-effectors:

E3i−2 = dom(Xi+1) ∩ Z3, E3i−1 = dom(Xi+2) ∩ Z3, E3i = dom(Xi+3) ∩ Z3

Moreover, let A1 = {(0, 0, 0)},A2 = {(0, 1, 0)},A3 = {(0, 2, 0), (1, 1, 0)}. Observe
that all these sets are subsets of Z3 and therefore points of the same lattice of
the SAW problem. Assigning δ = 1, the reduction is complete. It is immediate
to check that SAWs in the 3D lattice and the solutions of the JM constraint
defined via reduction are the same 3D polygonal chain. ut

Compatible JM constraint. We introduce the notion of compatible multi-body,
i.e., a multi-body where for all pairs of fragments B,B′ ∈ B =

⋃n
i=1 Si and for all

the front- and end- anchors points p, q ∈ {front(B), front(B′), end(B), end(B′)} it
holds that p_ q. A JM constraint is said to be compatible if the sequence of bod-
ies S1, . . . , Sn is a compatible multi-body. Here we prove the NP-completeness
of the compatible-JM constraint where we do not make use of joints made by
collinear points. The proof of NP hardness is a reduction from the Hamiltonian
Circuit (HC, for short) problem on particular graphs (special planar graphs—
SPG, for short) and it is organized in two steps. First we show how to encode
a SPG G in a discrete cubic lattice, then we define domains and variables for a
compatible-JM constraint, such that there is a solution of the HC problem on
the graph iff there is a solution for the compatible-JM constraint.

A special planar graph G = (N,E) is a planar graph composed by loops and
paths. For example, Figure 2 represents a special planar graph with 4 loops and
9 paths. Each loop contains only nodes of degree 3 (e.g., the nodes A, B, C, D
in loop 1 of Fig. 2) while each path has length 2 and connects nodes that belong
to distinct loops. Since we look for an HC, we focus on graphs containing only
loops with an even numbers of nodes. Moreover, we assume that G contains at
least 2 loops, otherwise the HC problem is trivially true.

A three dimensional cubic lattice is a graph of the form (P,A) such that
P ⊆ N3 and A = {{(x1, y1, z1), (x2, y2, z2)} ⊆ P : |x1−x2|+|y1−y2|+|z1−z2| =



Fig. 2: A special planar graph G. There are four loops with nodes of degree 3 and 9
paths of length 2, connecting nodes that belong to distinct loops.

1}. We use auxiliary graphs, embedded in a three dimensional cubic lattice and
referred to as cubic graphs, in order to map SPGs into cubic lattices.

As a first step, given a SPG G = (N,E), we map it into a cubic graph
G′ = (N ′, E′). Let us consider a loop li of G whose size is ni and which consists
of the nodes h1, . . . , hni

. We replace li in G′ with an equivalent gadget (i.e., a
subgraph of G′) which contains a number of nodes proportional to ni. The core
of the gadget has a symmetrical structure and is made of a loop of 7ni nodes.
In particular, there are ni starting nodes, connected through paths to the nodes
p1, . . . , pni . These nodes correspond to the loop nodes h1, . . . , hni and they are
called output nodes of the gadget. Figure 3 represents a gadget corresponding
to a loop of size 4: starting nodes are represented using empty circles, while
p1, p2, p3, and p4 are the output nodes of the gadget.

Fig. 3: Gadget for a loop of size 4. Starting nodes are represented by empty circles.
p1, p2, p3, p4 are the output nodes. The two templates T1 and T2 are emphasized on the
right



Let us show how to arrange starting nodes, output nodes, and the paths
connecting them. Each starting node is separated from the next one by exactly
6 nodes using two different templates (Fig. 3 (right)):

– The first template (T1) is used to connect two starting nodes on the upper
and lower side of the gadget. The relative coordinates of this template are:
(0, 0, 0), (0, 1, 0), (2, 1, 0), (2, 0, 0), (3, 0, 0), (3, 1, 0)

– The second template (T2) is used to connect the left and right side of the gad-
get. The relative coordinates of this template are: (0, 0, 0), (0,−1, 0), (−1,−1, 0), (−1,−2, 0),
(0,−2, 0), (0,−3, 0)

The paths from the starting nodes to the output nodes of a gadget are built in
such a way to create an angle of 90 degrees between each pair of consecutive
edges (see Fig. 3). Let us observe that each path leading to the output nodes is
at a minimum distance of 5 from each other, including the output nodes. These
distances must be taken into account when we identify a HC on the nodes of G′—
determined as the result of an overlapping of rigid blocks obtained as a solution of
the compatible-JM constraint. Rigid blocks correspond to sequences of nodes of
G′ that must be placed on the cubic lattice considering proper distances between
them, as shown in the remainder of this proof.

To complete the graph G′ let us fix one of the dimensions of the cube, for
example z = 0, and let us work on the resulting bi-dimensional plane. We con-
sider an enumeration of the loops l1, . . . , lk of G. Hence, we align the gadgets on
the plane (x, y) according to such ordering and setting a distance of 6 between
the rightmost output node of the gadget lj and the leftmost output node of the
gadget lj+1, for 1 ≤ j ≤ k, as shown in Fig. 4. The output nodes of the gad-
gets will have y = 0, while all other nodes of the gadget will have y > 0. Note
that with such arrangement there is a minimum distance of 3 for each pair of
consecutive gadgets.

Fig. 4: Two aligned gadgets.

Now we show how to connect the gadgets in G′ in order to mimic the topology
of G. Consider, in a lexicographical order, the loop pairs 〈la, lb〉, a < b, that are
connected by edges in E. We wish to create copies of the output nodes of la and



lb in a separate plane (to avoid intersection of edges) and recreate on this plane
the connection structure of G.

Let us illustrate the process for all the pairs 〈l1, lb1〉, . . . , 〈l1, lbh〉 such that
there are edges between loop 1 and loop bi in G. In the plane i, we add copies
of the “relevant” output nodes for loop 1 and bi and we connect these copies to
the output nodes of the relative gadget with a square spiral path of side 1. For
example, if an output node of loop 1 or loop bi is at coordinates (x, y, 0), and
such node is part of an edge connecting these two loops, then a copy of such node
will be created at coordinates (x, y + 1, i) together with the intermediate nodes
and edges connecting them at coordinates (x, y, 1), (x− 1, y, 1), (x− 1, y+ 1, 1),
(x, y + 1, 1), (x, y + 1, 2), . . . , (x, y + 1, i) (Fig. 5). Note that the “last” square
created on level i for the output node of the loop 1 should be symmetrical w.r.t
the last square created on level i for the output node of the loop bi, i.e, the
missing edge of the last square should be on the right side for the loop 1 and
on the left side for the loop bi. The edges between the nodes of distinct loops

Fig. 5: Square spiral paths used to connect output nodes with their copies on different
levels.

of G are simulated by paths in the plane i. Similarly to the core paths of a
gadget, every pair—but possibly the last—of adjacent edges form an angle of 90
degrees. The only difference here is that if a path starts at coordinates (x, y, z),
then its nodes can be set only on the coordinates y and y + 1. Moreover, the
last pair of edges must be considered. Due to the topology of the cubic lattice,
when there is an even distance (e.g., 6) between the output nodes of the loop 1
and the output nodes of the loop bi, we use a special gadget formed by a square
of side 1 (Fig. 6) in order to connect them. Let us call this gadget a ml gadget
(merge-loops gadget).

Fig. 6: The ml (merge-loops) gadget.



Furthermore, every pair of adjacent paths in the same plane must be placed
at a distance of (at least) 3 from each other, and every path must be at a distance
of 4 from every square spiral path of the same gadget in the same level, as shown
in the example of Figure 7. Note that since G is planar, we can connect loops
using non-intersecting paths in plane i.

Fig. 7: Minimum distance between paths connecting different loops.

The above process is repeated for all the other pairs of connected loops
(incrementing the plane levels). It is immediate to prove that the size of G′ is
polynomial w.r.t. the number of nodes of G.

Since G′ maintains the topology of G, it holds that a solution for the HC
problem on G can be mimicked in G′. Note also that G′ can be seen as a copy of G
where the edges are “stretched” (by adding new nodes of degree 2). We will refer
to the sequences of edges connecting different loops on G′ as l2l (loop-to-loop
paths).
We can finally state the following theorem:

Theorem The consistency problem for the compatible JM constraint is NP-
complete.



Proof. The proof of membership in NP is trivial; given a tentative solution, it
is easy to test it in polynomial time—the most complex task is building the
rotation matrixes.

To prove completeness, let us reduce the HC problem to an equi-satisfiable
instance B = 〈S,V ,A,E, δ〉 of the compatible-JM constraint, and show that
there exists a solution of the HC problem iff there is a solution for B.

We select the sets Si of rigid blocks of the multi-body to be all identical, and
consisting of 6 contiguous and non-colliding unitary segments of length 1 with
additional constraints:

• The first three points of each rigid block are set on the coordinates (0, 0, 0),
(0, 2, 0), (2, 2, 0), respectively.

• It is possible to have bends of 0 or 90 degrees on the 3th, 4th, and 5th point
of each rigid block.

• There must be a fixed bend of 90 degree on the 6th point of each rigid block.

These constraints allow us to handle rigid blocks where there is the same over-
lapping plane defined both on the anchors and the end-effectors of each rigid
block. Note that the anchors and end-effectors of each rigid block are defined by
3 non collinear points, as stated by the definition of compatible-JM constraint.
In particular, the constraints require the anchors of each rigid block Ki to form
an angle of 90 degree between the first two segments of Ki. The same angle is
also defined by the end-effectors of Ki (i.e., it is present between its last two seg-
ments). Considering the unitary length of each segment it is easy to see that the
overlapping planes are the same among all the possible rigid blocks (Fig. 8(a)).

Fig. 8: Overlapping planes defined on rigid blocks (a). Two overlapped rigid blocks: K2

on K1 (b).

It follows that, given two rigid blocks K1 and K2 defined as above, it is always
possible to overlap K2 on K1 (or vice-versa) by roto-translation of K2 (K1)
w.r.t. K1 (K2) (Fig. 8(b)). This fact was taken into account in the embedding
of G into G′. In particular, G′ has an angle of 90 degree between every pair of
adjacent edges, allowing us to define an overlapping plane for a rigid block from
every node of G′ w.r.t. its two adjacent nodes. Roughly speaking, it is possible
to overlap a rigid block on every 3 consecutive points of G′. The 38 different
templates of possible rigid blocks are shown Figure 9 (rigid blocks defined on



the bi-dimensional plane (x, y) and rigid blocks defined on the 3D plane (x, y, z)).

Fig. 9: 18 rigid blocks defined on the bi-dimensional plane (x, y) (left) and 20 rigid
blocks defined on 3D plane (x, y, z) (right). These templates are used as elements
domains for the compatible JM-constraint.

Now, we define the set of variables V = V1, . . . , Vt in such a way that it
is possible to decompose the graph G′ in t overlapping rigid blocks. The basic
idea is to find a decomposition of an HC on G′ in rigid blocks which represent a
solution for an instance of the compatible JM-constraint. Note that the number
t of variables must be in relation with both the dimension of G′ and the length
of a rigid block. In particular, we must take care of the fact that since each rigid
block has length 7, and it overlaps the last 3 points of the previous rigid block, t
must correspond to a multiple of 4 (without considering the first fragment of the
sequence of the overlapping fragments). Let G = (N,E) a special planar graph
and G′ = (N ′, E′) the corresponding graph generated as described previously.
Let m = |N ′|, L be the global number of nodes in loops of G divided by 2, R
the number of gadgets ml and n = m− 6L−R− 4. Without loss of generality,
we can consider graphs where n > 10. First we define the values l ∈ {1, 2} and
x ∈ {0, 1, 2, 3} as the result of the following system of equations, which take into
account that n might not be a multiple of 4:

(n− 7− x)mod 4 = 0,

l =

{
1 if x = 0

2 if x 6= 0.

Then, we calculate t as:

t = (n− 7− x)/4 + l.

To complete the definition of the instance of JM, let us fix two consecutive
nodes α and ζ of degree 2 in a l2l, as depicted in Figure 10. Moreover, with a
slight abuse of notation let us denote each node in N ′ with its 3D position and
with ζ−(+)i the coordinates of the closest ith point to ζ(α) that precedes(follow)
both ζ and α (Fig. 10).



Fig. 10: α and ζ nodes in a l2l

Then, for all i = 1, . . . , t−1 we assign the sets of points of G′ to the end-effectors:

E7i−2 = N ′ ∩ Z3,
E7i−1 = N ′ ∩ Z3,
E7i = N ′ ∩ Z3.

Instead, for the last end-effectors, we assign the following sets:

– if x = 0:
E7t−2 = {ζ − 5} ∩ Z3,
E7t−1 = {ζ − 4} ∩ Z3,
E7t = {ζ − 3} ∩ Z3,

– if x 6= 0:
E7t−2 = {ζ − 2} ∩ Z3,
E7t−1 = {ζ − 1} ∩ Z3,
E7t = {ζ} ∩ Z3.

For the anchors, let
A1 = {α} ∩ Z3,
A2 = {α+ 1} ∩ Z3,
A3 = {α+ 2} ∩ Z3.

Observe that all these sets are subsets of Z3 and therefore points of the same
lattice of G′. We need to prove that with the last end-effector of Vt we can only
reach either the point ζ or ζ − 3. This is trivial, considering that between ζ − 3
and α there are 3 nodes in G′, and the number t of variables Vi depends on the
module of 4. Assigning δ = 1, the instance of the JM constraint is complete.

Now, we prove that there is an HC on G if and only if there is a solution σ
of the instance B of the compatible JM-constraint. Let us assume that G has an
HC. The same cycle can be mimicked on the extended graph G′. All nodes in l2ls
are traversed by this path. Moreover, consider the Figure 11 from left to right.
Any Hamiltonian Cycle traverses the loop in a way similar to the one depicted
(Fig. 11a). In particular, there is a corresponding cycle traversing the loop in
G′ (Fig. 11b). However it is not Hamiltonian but 6 half of the nodes of the loop
cannot be traversed by that path, and for each gadget ml we left out exactly one
node. Then we have exactly n = m − 6L − R nodes traversed by the HC path.
Choosing the nodes α and ζ at a distance of 1 from each other we can define an
assignment σ of the compatible-JM constraint that decompose G′ in t different
fragments to assign to each variable in V (remember that we can overlap a
rigid block on every 3 consecutive points of G′). These fragments belong to the



Fig. 11: Loops in G and G′; Observe that the Hamiltonian paths in G cannot touch
half of the extra nodes added in loops in G′

domains of templates, each fragment is overlapped with the previous one and
the minimal distance δ = 1 holds. Hence σ is a solution for B.

On the other hand, let σ be a solution for the compatible JM-constraint
B = 〈S,V ,A,E, δ〉 defined on G′. We show that this solution represents an
HC on G. First of all, we observe that with σ we cannot overlap points. This is
given by the δ constraint of JM (i.e., the paths defined by the overlapping rigid
blocks assigned to each variable by σ are only self-avoiding walks on G′). Then
we observe that the solution σ defines a path S of length m − 6L − R − 4 by
overlapping rigid blocks (i.e., fragments of length 6) starting from α, α+ 1, α+ 2
and ending in ζ − 2, ζ − 1, ζ. Moreover, each rigid block has only the points of
G′ as possible end-effectors (corresponding to the anchors of the following rigid
block) and, hence, S must be defined on G′. We show now that S defines an
HC on G′ and, in particular, an HC on G. In order to do this, we must prove
that the solution σ assigns rigid blocks to the variables V1, . . . , Vt avoiding to
reach other “zones” of the cubic lattice using paths not defined on graph G′.
This could happen only when σ chooses a rigid block where the 4th point of such
rigid block is not set over G′, though the 5th, 6th, and 7th must be, as depicted
in the example of Fig. 12.

In particular, since G′ each path is separated from its neighbors paths by a
distance of of at least 3, it is easy to see that if a rigid block k has the 4th point
not set over G′, then k must “re-enter” on G′ with its 5th, 6th, and 7th points, in
order to satisfy E7k−2, E7k−1, E7k. Note that there are cases where a rigid block
k can take a different path in G′ and left out more than 1 node w.r.t. G′ (as
show in the example of Figure 13 - left). In such cases, there are less than t rigid
blocks used to define the path on G′ and we have a contradiction.

Now, we consider the following 3 cases about how the path S defined by σ
enters and exits each loop in G′:



Fig. 12: Example of a case where the 4th point of rigid block doesn’t match the relative
point in G′.

Fig. 13: Example of a case where the rigid block leave out 2 nodes of G′ (left), and one
of the cases s.t. the path S defined by σ enters and exits loops in G′ (right).

1. If S enters and exists all the loops as in Figure 11(b), then it will leave
out m − 6L − R − 4 nodes and it is easy to see that S corresponds to an
Hamiltonian Path in G starting in α and ending in ζ. It is sufficient to add
the edges (ζ, ζ + 1), . . . , (α− 1, α) to find the cycle which corresponds to an
Hamiltonian Cycle in G.

2. Since α and ζ are in the same l2l it is impossible that S starts in α and ends
in ζ without entering any loops.

3. It remains to analyze the case in which S traverses a loop in a way differ-
ent from that of point 1. Assuming that such a path exists, we will nd a
contradiction with its length m− 6L− R − 4. In this case, there is at least
one l2l with at least 20 nodes left out from a path traversing one loop. Note
that every l2l has always length ≥ 20 (e.g., considering level 1 and the l2l
connecting the closets output nodes of adjacent gadgets). Let d1, . . . , d20 be
the first 20 nodes of the l2l left out. These twenty nodes cannot be crossed
by S. As a matter of fact, if one of the 20 nodes are reached by S, there
is no way to go back to ζ without repeatedly visiting the same nodes and
have a contradiction with δ of the solution σ. On the other hand, inside the
loop S visits both the points a and c adjacent to the entering point b of the
analyzed l2l. With respect to a path S of the form dealt with in point 1, S
visits one additional point in the loop but looses twenty points outside the



loop (Fig. 13 - right). This happens for every loop and for every l2l excluded
by S. Thus, more than n = m − 6L − R − 4 points of G′ are left out, and
these points can not be retrieved by other points on the cubic lattice but
the points on G′. This is a contradiction with the number t of variables in
V defined on n.

The proposed reduction is polynomial time (and implementable using just for-
loops bounded by the size of G and if/then/else, hence is logspace) thus the
consistency problem of the compatible JM-constraint is NP-complete.
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